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Abstract

Background:Determining all possible y - sets of G and y - sets satisfying different domination parameters. Methods:
Matrix representation for determining y - sets and MATLAB code for the same. Results: It will help determining the y - sets
for any graph with less effort using MATLAB code. Application: Can be used to characterize graphs based on domination

parameter.
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1. Introduction

A graph is represented by various kinds of binary
matrices. Adjacency matrix, incidence matrix, cut matrix,
Circuit matrix are few kinds of such matrices. Binary
matrix representation is comfortable for programming
purposes. Properties of matrices are easily identified by
coding them. In literature of graph theory numerous
results are available using matrix representation.

In !

, a method for material selection for a given
engineering component using graph theory and matrix
approach is provided. In %, some methods for selection of
a rapid prototyping process that best suits the end use of
a given product or part using graph theory and matrix
approach is presented. In °, a method for identifying
the isomorphism of topological graph by using incident
matrices is provided.

In *, Bounds related to domination number of G,
energy of G and rank of the incident matrix of the graph
G is discussed. In °, a method of generating a minimum
weighted spanning tree by using adjacency matrix of G is
provided. In ¢, a characterization of planar graphs when G
and (G are y - stable graphs is discussed.

7

In 7, some survey on graphs which have equal

domination and closed neighborhood packing numbers

* Author for correspondence

are done. In this paper we present a method of identifying
three graph parameters. We also provide MATLAB codes
to execute the same.

2. Terminology

We consider only simple connected undirected graphs G
= (V,E). An adjacency matrix of a graph G with n vertices
that are assumed to be ordered from v, to v_is defined by,

1, if thereexistan edge between v, and v,

A=|a, =
[y Lacn {0, otherwise.

The incidence matrix of G is a n x m matrix B where n

and m are the number of vertices and edges respectively,

such that

1, if X; isincidenton v,

B=0y]om = {0, otherwise.
The open neighborhood of vertex v eV(G) is denoted by
N(v) ={u e V(G) | (uv) € E(G)}
while its closed neighborhood is the set N[v] = N(v) U {v}.
We indicate that u is adjacent to v by writing u L v. For
details of on graph theory we refer to®.

A setof vertices D in a graph G = (V, E) isa dominating
setif every vertex of V — D is adjacent to some vertex of D.
IfD has the smallest possible cardinality of any dominating
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set of G, then D is called a minimum dominating set.
The cardinality of any minimum dominating set for G
is called the domination number of G and it is denoted
by y(G). y - set denotes a dominating set for G with
minimum cardinality. A dominating set D is said to be
an independent dominating set if no two vertices in D are
adjacent. A set of vertices D in a graph G is called a clique
dominating set if every two vertices in D are adjacent. A
vertex in V - D is k - dominated if it is dominated by at
least 2 — vertices in D, that is | N (v) n D | = 2. If every
vertex in V - D is k — dominated then D is called a k -
dominating set. The private neighborhood of v € D is
denoted by pn [v, D], is defined by pn[v, D] = N(v) - N(D
- {v}). For details of on domination we refer to°.

3. Results and Discussion

Let G be any graph with n - vertices. Let A denote the

adjacency matrix of G. Let N denote a n x n matrix’, where
1 ifi=j

N= [nij Inxn=

3 the (i, j )th entry in theadjacency matrix.

Let x = (x (v)), X (V,),.., X(v )" be a {0, 1} vector. If x
represents any dominating set, then Nx > 1, that is in the
resulting matrix Nx, all the entry values are non zero’.
Example

V1

Vs 2

V4 3

G

Figure 1. Graph for Nx > 1.

N X Nx
(11 00 1][1] 1] 1]
1110 1||0 1 1
o1 0 1 ol|lo|l=]1]=z]1
oo 1 1 of|1 1 1
110 1 1]]0] 2| 1]

That is, {v, v,} is a dominating set for G [ 7 ].
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Nx is a column matrix. The number of non zero entries
in any row of matrix N denotes N[v,] (closed neighbors
of v.) and x denotes a dominating set. Each entry in Nx
denotes the number of vertices dominating any vertex
v. If row v, entry in Nx is 1, then v, € v - D is a private
neighbor. Similarly if row v, entry in Nx > 2. , then vertex
v,€ v - D is k - dominated by x.

The matrix method of finding a dominating set
can be used to characterize graphs satisfying a given
domination parameter. Graph characterization based on
dominating set focus on y - set and all possible y - sets
satisfying the defined property. For this purpose, since we
are more focused in all possible y - sets than all possible
dominating set, we use the following notation.

Notation

+ Let G be a graph with n vertices v ,v,,....,v_. Let y (G)
= k. Consider all possible subsets with k vertices.
Label them as S,S, . S, where p = nC,. Let X =
{xX,....x } be a set of {0,1} vectors defined by x, = (x
(V)5 X (V,)seeer X(V. ), 1 ifv,eS;

where x(v.)=
1 0 otherwise.

Following the above notation if y(G) =2, n =5, then § =

v}, S,={v,v},S,={v,v},S,={v,v.},S.={v,, v},

Ss = {Vz’ V4} ? S7 = {Vz’ V5} > Ss = {Vs’ V4} ’ 89 = {V3’ Vs} ’Slo = {V4’

v}, S0, x,=(1,1,0,0,0)% x,=(1,0, 1,0, 0), x,=(1,0, 0,

1,05 x,=(1,0,0,0, 1), x.=(0, 1, 1,0, 0)%, x, =(0, 1, 0, 1,

0)',x=(0,1,0,0, 1), x,=(0,0, 1, 1, 0)", x,=(0, 0, 1, 0, 1),

x,,=(0,0,0, 1, 0)"

« Nx/isa column matrix. Let us denote this as vector,
nx, = ( nx, (v,), nx, (v,),..., nx, (v )",

o Define a matrix of vectors VasV = [vij]nxp
X, ,], where each xi, i = 1, 2, ..., p denotes a vector
defined in notation 1. Determine NV. Thisisan x p
matrix, where each column denotes vector nxi, that is

=[x X5

the column denotes vector nx, nx,, ..., nx .

Using the matrix property for identifying dominating
sets, we provide a method of identifying, Domination dot
stable graphs, y - stable graphs, Graph domination graphs.
We also have provided MATLAB program for identifying
the same.

3.1 Domination Dot Stable Graphs

An elementary edge contraction of a graph G is obtained
by identifying two adjacent vertices u and v, that is, by
removal of u and v and addition of a new vertex w adjacent
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to those points which u or v was adjacent. We say that
G.uv is obtained by contracting (u, v), where u adjacent
to v. A graph G is said to be domination dot stable (DDS)
if y(G.auv) = y(G), for all w,v € V(G), u L v*.

In all figures the circled vertices represent a y - set for G.
Example

vl

Vs (:‘ 0 V2

V4 3
G Gevive

Figure 2. y(G) =Y. (G.v,v,) = 2. Similarly y(G) =
y. (Gaav) =2, for all u,v € V(G), u L v, implies G is
domination dot stable graph.

The following result is proved in'.
A graph G is DDS if and only if every y - set of G is an
independent dominating set.

Matrix Representation for Domination Dot Stable
Graphs

If matrix NV contains no zero entry, then every x, i = 1,
2, ...p are y - sets for G, which implies there is atleast one
non independent y - set for G.

If matrix NV has atleast one zero entry, then consider
the non zero columns of NV. Let S c X be the set of all
vectors such that Nx > 1, thatisNS>1.Let |S|=q, q <
p. Consider the i* column of S. Comparing x = (x (v,), X
()5, x (v )" and nx = ( nx (v,), nx, (v,),..., nx, (v )", for
alli=1,2, ..., g, if for every non zero entry in x, the nx,
entry in the corresponding position is also 1, then no two
vertices in x, are adjacent, that is x, an independent y - set.

Example

For the graph in Figure 2
1100100 1100 10 0] [2 |1
1110001 11100 0 1)1 [1 [1
0111000 0111000 1 |1
N=[0 01110 0;Nx=/0011100|[o=[>]
1001110 1 oo 1 11 ol [1 [t
0000110 0000 1100 [1 |1
0100011 010001 1ffof |1 |1

Y(G) = 2. We consider all possible subsets with 2 vertices
and label them as {S, S........S, }= {{v,, v.}, {v, v.}, {v;, v, },
Vv v v v v v, vib v, vb vy, v v, v ) v,
vh{v,vhiv, vih v vh iv, vh v, vih v v v, v
v, v v, v v, v 1

Vol 8 (15) | July 2015 | www.indjst.org

NV =

S o —~ © o = —
- o o o = = =
o oo~~~ o
o o~~~ o o
O =~ = o o =

I
- S = © = b ©
oo = = =W~
S o = = = =
S = N = o =N
- - N O O = =

ooft1.11110000O0O0O0O0O0COO0OOOTO0O0
O 11 0000011111 000O0O0O0O0CO0GO0O0
0001000O0O10O0O0O0OT111100O0O0O0O0
0O 00O0O10O0O0OO0OC1IO0OOO0OTILIO0OO0OOCI1IT1T10°00
10000100001 00O0O1O0O010O01T1O0
1 00 0001000010001 001O0101
1 10 0 0 001 00 0010001001011
1112110100100 T1T10
221112111200T1°0T171
0221112111111000
01110022112111T1°F0
10111011 10221211
0001100110110 2T11
1111220011011112

In the above matrix NV, identifying the non zero

columns, S =

{X,}=[0100100]% impliesNS=[2111

111]% In NS, for every non zero entry in x,, the entry in
the corresponding position of Nx, is also 1, implies x, is
an independent y - set, implies G is DSS.

MAT Lab Program for Dot Stable Graphs

Snapshot - 1
DDS graphs.
for the graph

#) C:\Docume

provides the MATLAB program code for
Snapshot — 2 provides the output generated
in Figure 2.

nts and Settings\Widministrator\Desktopynatrix

File Edit “iew Text Debug Breakpoints ‘Web ‘Window Help
O & Bo o & #Ff 88
-] A =input]'Enter the adajacency matriz A ='n")
2(-| n=sizefd, 13,
3= | I=eye(n),
4= N=2a+]
3(-| le=inpu( Enter the garoma value of Ghalo=");
6(-| p=nchooselan, k),
T-|  A=umdgquelperms([true] 1, k), false( 1, n-l0]), 'rows",
Bl-| W =transpozell)
(-] MNW=MN*V
100 = | BW=[1pMv],
1= NIV,
12(-| W&, any~MNE 1 =];
13(-| MNET=HN&
14(-| El=size(MN3, 2,
159(-| NWV(1,0=(].
16(-| E=M2C1.0;
17(= Wacl, H=(]:
18(-| X=Mg;
19(-| 5=V, Ex
20(-| oc=¥H=5;
21-| ifc=8
22(- disp(' iz a dot stable graph. "
23| -] celse
24 - ]
28| - dizp('G 12 not a dot stable graph.
26|-| end
Snapshot - 1
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Output

=) MATLAB
File Edit View Web ‘Window Help

0O = ﬁ ? | Currert Directory: | C\Documents and Settings\AdminiztratorDesktopim
Enter the adajacency matriz & = &
[plooloopl010001,0101000;0010100;1001010,0000100,01000100;]
_'..'j,_l = .S
o1 o 0o 1 0 0
1 o 1 0 0 0 1
o1 o 1t 0o 0 1
oo 1 o 1 0 1
1 oo 1 0 1 1
oo o o 1 0 10
o1 o 0o 0o 1 10
M=
1 1 o 0 1 0 10
1 1 1 o 0 0 1
o1 1 1 0 0 1
oo 1 1 1 0 1
1o o 1 1 1 10
oo o 0o 1 1 10
o1 o 0o 0o 1 1
Enter the gattna walue of G:
k=1
W=
Columns 1 through 8
oo o 0o o 0 0o 0
oo o 0o o 0 0o 0
oo o o0 o 0o 1 1
oo o 1 1 1 0 0
o1 1 o 0 1 0 0
1 o 1 0o 1 0 0 1
! 1 o 1 0 0 1 D
Columns 9 through 16
o 0o o 0 o 0 0 1
oo 1 1 1 1 1 10
! 1t 0o o o0 0 1 10
o1 o0 o 0o 1 0 0
1 0o o o 1 0 0o 0
o o o 1 0 0 0 0
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B =
Columns | through 8
n

1
11
o0
o1
11
11
21

[ Bl S A
Lol e L I S ) e |

O o o B
O o b b e
B — — OO
—_— O = o R e
—_ O O = b b

Co

=N

umns 17 thro

=

gh

— 0 e D o B b b b b e b e s B TR e B e e 5

e I = — RS
(= i SN ol ]
[ R e R N R
[ R e R e N

bIET =

13 2 1 1 1 1 1
5 ig a dot stable graph.

==

Snapshot - 2

3.2 y - Stable Graphs

For a given non - adjacent pair {x, y} of vertices in a graph
G, we denote by G, the graph obtained by deleting x and
y and adding a new vertex xy adjacent to precisely those
vertices of G — x — y which were adjacent to at least one
of x ory in G. We say that G_ is obtained by contracting
on {x, y}*.

A graph G is said to be y - stable if y(G ) = y(G), for
all x, y € V(G), x is not adjacent to y, where GXy denotes
the graph obtained by merging the vertices x, y.

Example
The following result is proved in'".

V|
V1 v2 ~ i

VE V4 V& V4
G G vy

Figure 3. y(G) =y(G

viv3

) = 2. Similarly y(G) = y(G_) =
2 for all u, v € V(G), u is not adjacent to v, implies G is
y - stable graph.
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—_ e e e e =

[l Ll = P = B S

1

A graph G is y - stable if and only if every y - set D of
Gisa clique.

Matrix Representation for y - Stable Graphs
If matrix NV contains no zero entry, then every x, i = 1,
2, ...p are y - sets for G, implies atleast one y — set is not a
clique (k > 1) for G, implies G is not y - stable.

If matrix NV has atleast one zero entry, then consider
the non zero columns of NV. Let S ¢ Xbe the set of all
vectors such that Nx, > 1, that is NS > 1. Consider the ith
column of S. Comparing x, = (x (v,), x (v,), ..., x (V))" and
nx, = (nx(v,), nx, (v,), ..., nx, (V))%, foralli=1,2, ..., q(
q < p ), if for every non zero entry in X, the entry in the
corresponding position of nx is k, then any two vertices
in the y - set x, are adjacent, that is x, is a clique.

Example
For the graph in Figure 3

Indian Journal of Science and Technology I 5 -



Domination Parameter Characterization using Matrix Representation

110101
1 1 1 O 1 0 : Edt View Text Debug Breakpoints ‘Web MWindow Help
12 B & #f. 88 iIEs Staske
01 1 1 01 11=| A=mput('Enter the adajacency matrns & ='n")
— 2| n=size(A, 1)
N101110 ﬁzﬁe_yir?’
01 0 1 1 1 9 -| k=input] Enter the gartma value of Gk ="3,;
g_ 1':001_100:(51@, k()[;H’Llf(l k), false(1, n-k]), ‘rows')
- i AYiLN 1 (=g ikl . . g . 11~ , TOWsE),
101011 8- V=Lrgnsppnsni(A)
G- NW=I*/
V(G) = 2. We consider all possible subsets with 2 vertices L i
and label them as {S, S ,.....S .} = {{v, v.}, {v,, v.}, {v,, v,}, 2 SN(‘;&in)y:(E]-;,I)>=[J
{Vl’ VS}’ {Vl’ V6}’ {Vz) V3}) {Vz) V4}) {Vz) V5}> {V2> V6}’ {V3> V4}> {V3> 1; : g:ls(;’:)lj
V},{V,V},{V,V},{V,V},{V,V}}. 18| - NS,=S
5 3 6 4 5 4 6 5 6 :]I;: gj\é;d(izil)
1101011 111100000000°00 )
200- | J=NEC
111010100001 11100000°0 o I et
22(- fl=J1
NV—O 111010 100010001 11000 23/- 1disp('EveryculmminSisac]iqueinG,wInchimp]iesGisagannnastablegraph')
101 1100010001001001T10 o
26(- izl i in 5i ta clquewhich ioplies G i t table Graph.'
0101110001 00010010101 8- mdsp(ocoumnm iz not a cligue,which inplies G iz not a gatnma stable Graph.)
10101100001 00010010T1°1 Snapshot - 3
Output
21 2121212101121
2212121211211°01
Ele Edit Yiew ‘Weh Window Help
111012 212212121 O % B | ? | curentDirectory |Crpacuments and St
i1 222111102212T11 Ennlelfuﬂegdﬁﬁc?f%ﬁﬁfuzlul;101010;010|01.101010.] a
101111222111222 bo1oo10
1 2122101112211 :2 Polo 1o
T o101 e
1110000000 2221111111 N:}i?cln?é
10011100060 2112221111 o110
UL USSR NN IR TR R
“proorororo 1211112121 VSR
0000010011 1111221122 G801 1100 010 00 10
00100001°0T1 1121111212 Podadloaoaeio o
EEEREREEEEREE .
1
In NS, for every non zero entry in x, the entry in the i z % ? % ? E i z ? i ? % é i
corresponding position of Nx is 2,i=1, 2, ..., 10, implies L E s
X, is a clique, implies G is y - stable. A R
R S
T 2 1 2 1 1 1 2 1
MAT Lab Program for y - Stable Graphs T R
NS
Snapshot - 3 provides the MATLAB program code for y Lttt 22
stable graphs. Snapshot — 4 provides the output generated ST A A
for the graph in Figure 3. TR S AR S
Every column in 515 a clique n G, which implies G is a garnma stable graph.
Snapshot - 4
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3.3 Graph Domination Graphs

Ay - set D c Vis said to graph domination set if D covers
all the vertices and edges of G. We shall denote a graph
domination set D by y_ (G)°.

Example

G

Figure4. G is graph domination graph. The y - set {v,,
v.tcovers all the vertices and edges of G.

The following result is proved in°.
Ay - set D is a graph domination set if and only if V
- D is independent.

Matrix Representation for Graph Domination Graph
Let B be the incidence matrix of G. Any row x, in ST
represents a vector, which isa y - set for G. Any column in
B represents an edge e in G. There are three possibilities,
1. Both end vertices of e € x..

2. One end vertex of e belongs to x..

3. Both do not belong to x..

With this in mind, consider the i row of S™ and j
column in B. If both the end vertices of e are included
in x, then the dot product of i row and j" column is 2.
Similarly if one end vertex of e is include in x, the dot
product value is 1 and if no end vertex of e is included, the
dot product value is 0.

STB can be defined as follows.

2, if (x,y)€ x,
S'B=[s;],., =1L if xor yex,
0, if (x, )¢ x,

For all e=(x,y) €E (G).

Each column of S'B represents an edge and each row
of S"B represents a y — set. The ij* entry of S'B specifies
if the edge is covered by the corresponding y - set, that
is any non zero entry in S'B means that, that a particular
edge is dominated by the corresponding y - set. If S'B has

Vol 8 (15) | July 2015 | www.indjst.org

a row with all non zero entries, then it means that all the
edges of G are covered by the corresponding y - set D,
which implies D is a graph dominating set for G, implies
G is a graph domination graph.

Example
For the graph in Figure 4
1 1 0 01
1 1 110
N=|0 1 1 0 O
01 011
1 0011

y(G)=2. We consider all possible subsets with 2
vertices and label them as {S, S,,....S, } = {{v,, v.}, {v,,
v.hiv,vh v vh v, vih {v, v v, vih v, vib v, vib

{v, v.}

1 10011 11 10000O0O00O0
111101 000111000
Nv=(0 1 1 0 0{0 1 001 0O0T1T1FP0
010114001 001O0T1TQ0°1
1001110001 0010T1°71
21 1 2112 011
22 21 2 21 211
=1 1 0 0 2 1 1 1 10
1 011122112
1 12201111 2
1000
11000 21101
1110
S0t 010 : 11210
S= 100 0 S gy o o TS BT 1
0100
00101 01011
0011

The third row of S™B is non zero, implies all the edges
are covered by the y - set in row three of ' = { v, v, },
implies G is a graph domination graph.

MAT Lab Program for Graph Domination

Snapshot - 5 provides the MATLAB program code for
graph domination graphs. Snapshot - 6 provides the
output generated for the graph in Figure 4.
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% C:ADocuments and Settings\AdministratoriDesktopknew: pygdomination.m

(|

Stadc

File Edt Vew Text Debug Breakpoints Web Window Help
0= [i=N] & éf. B8R
1(=| A=mpu(Enter the adajacency matrx of a graph 4 ='n")
2| n=sme(d, 1),
3| I=eyelm);
4= N=Aa+l
9= | lke=input ‘Enter the garmrma vatue of Glak="),
6|-| p=nchooseldn, k)
|- | A=udgueperms[truel 1, ), falsef1, n-l)]), rows",
8- Ww=A'
9= MNv=HN*
101= | NV=[1pNV];
1|=| NI,
12|-| MNS=NV,
13|=| NS, any~NS. 1)) =];
14]=| MWL =]
15)=] K==L,
16|=| N1, =[],
17|=| H=NS,
18| 3=V, Kp
19| =T=%'
20(-| B = input{'Exoter the inceidence matrix of graph B ='n");
21|-| S1=ST*B
22(- | mesize(S1, 1),
23(-| LlI=[lim];
24(-| L-L1Y
258(-| S51=[L 51],
26— | Sl(any(51=0.2),7=(]
27|-| 52=81,
8- | if B ==l
29— La=82.1),
30{-| disp('There 15 atleasst one non zero row m 31.7)
31— | disp('The corresponding row m 3.7
32|-| RI=8T(LZ.)
33— | disp('G is graph domination”)
34|=|  else
38| disp(' There is no non zero rows in 31, which implizs G is not graph domination. )
36|-| end
Snapshot - 5
Output

<} MATLAB

File Edit Wew ‘web Window Help

E ﬁ ? | Current Directory: | C\Documents and Set

b=

Enter the adajacency matris of a graph & =

A

—_— S = O

g
[ s

<
[
-

[oiooniolig01000,0100%5,10010,]

1 0 0 1
o1 1 0

1 0 0 0

1 0 0 1
o0 1 0

1 0 0 1

1 1 1 10

1 1 0 0

1 0o 1 1
o011

e gamma value of G:

oo 00 o011 11
o0 1t 1 1 00 01
1 1t o0 1 0 0 1 0
o1 0 1 0 0 1 00
1 ot 0o 0 1 0 0 0
1 o2 1 1 2 1 1 12
1 2 1 2 1 1 2 2 1
111t 1 2 0 0 1 1
112 2 1 1 1 01
1 1t 1t 1 0 2 2 1 1
oo 1

1 1 1

o0 0

o1 0

1 0 0
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I ®

53T =
oo 1 01
o1 001
o1 0 10
11 0 0 10

Enter the inceidence matriz of graph B =
[10001;11100,01000,00110;0001 1;]
3l=

I ba— — =
— by — o
O
—_ o e

51
S T

There is atleasst one non zero row in 51,

The corresponding row in 3:

Rl=

o1 001
G iz graph domination
>
Snapshot - 6

4. Conclusion

This paper has presented a MATLAB code for verifying
and characterizing domination parameters. This provides
an easy method of determining these properties. Once
the adjacency matrix and y - value is known the program
easily verifies the graph parameter. This method can
further be implemented for verifying these kinds of
parameters and is specifically more useful, when the size
of the graph is large. So the proposed method is efficient
for characterizing graphs based on the domination
parameters.
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