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Abstract

This paper deals with prime and maximal ideals in ternary semigroup. In this paper we shall study the intersection of all

prime ideals and intersection of all maximal ideals in a (non-commutative) ternary semigroup T. In particular we give a

rather general necessary and sufficient condition in order that the set of all maximal ideals coincides with the set of all

prime ideals.
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1. Introduction

The relations between maximal and prime ideals in
commutative rings are well known. If R is a ring, denote
by N, the set of all nilpotent elements s R. We recall the
following results.

 In any commutative ring the intersection of all the
prime ideals is N.

 In any commutative ring with identity element any
maximal ideal is prime.

o If R is a commutative ring with identity element
satisfying the descending chain condition every
prime ideal of R is maximal.

Note explicitly that in a ring without an identity ele-
ment maximal ideals need not be small prime and prime
ideals need not be maximal [For this result, where some
notions concerning semigroups are involved]®.

There are some reasons to have in mind the following
analogy:

Rings with an identity element <> ternary semigroups
satistying T° = T.

Rings without an identity element <> ternary semi-
groups in which T?# T.

*Author for correspondence

2. Definition 1

A non-empty ideal Q of a ternary semigroup T is said to
be prime if ABC — Q implies that Ac QorBc Qor Cc
Q; A, B, Cbeing ideals of T.

Remark: There is an analogous definition, an ideal Q
is completely prime if abc € Q implies that a € Q or b
€ Qorc e Q;a, b ¢ e T An ideal which is completely
prime. But the converse need not be true. These concepts
coincide if T is commutative. In this paper we consider
prime ideals in the sense of our definition prime ideals
in the case of a ternary semigroup have been thoroughly
studied in’.

Example 1: The ternary semigroup T itself is always a
prime ideal of T. But T need not have prime ideals # T.

Let e.g. T={0,x,x°,...x"'},m>2 be a ternary semi-
group with zero in which x™ = 0. Any ideal # T is of the
form IP: {al,...,a™"',0}, 3 < p < m. Since we have IP loa Ip_l

andI I I <1I,I isnotaprimeidealofT.
Pl plTpl )

3. Definition 2

Anideal M of T'is known as a maximal if M is a proper ideal
of T and is not properly contained in any proper ideal of T.
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There are known some results concerning the exis-
tence of maximal ideals?. We shall not deal explicitly
with these questions.

Example 2: The following example shows that a prime
ideal need not be necessarily embeddable in a maximal
ideal.

Denote by T, the multiplicative ternary semigroup of
numbers x satisfying 0 < x < 1. Adjoin an element g and
consider the set S = T, U {a}. Define in S is a commutative
multiplication ° by
xyz if x,y,zeT,
0 i
0 if yel,x=z=a
0 i
a if x=y=z=a

xel,y=z=a
xoyoz =

zel,x=y=a

Then § is ternary semigroup and S° = §, S contains a
unique maximal ideal, namely T'. The set I = {0, a} is a
prime ideal of S. If T, ={x /0 < x <a <1}, then {0, 4, T}
is an ideal containing I, but clearly there does not exist a
maximal ideal of S containing I.

In the following when speaking about maximal ideals
we suppose, of course, that maximal ideal exists.

4., Theorem 1

If T'is a ternary semigroup with T = T, then every maxi-
mal ideal of T is prime ideal of T.

Proof: Let M be a maximal ideal of T. Denote T— M = P.
We first prove P — P?, we have

T=(MuUP) =M UMMPUMPMUPMM U
MPPUPMP UPPMUP? c MUP?,

Since MNP=¢ ,wehavePc P3.

Let now A, B, Cbe three ideals of T, none of them con-
tained in M such that ABC < M. Since A ¢ M and M is
maximal, we have A U M = T, hence P — A. By the same
argument P — B and P c C. Hence P’ = ABC,P c ABC.
This contradicts ABC < M.

Remark: If T3 # T, then Theorem 1 does not hold. For,
letae T — T3. Then M =T — {a} is a maximal ideal of T
and it is certainly not prime, since T° < M while T ¢ M .
But we can prove the following:
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5. Theorem 2

If M is a maximal ideal of a ternary semigroup T such
that T — M contains either more than one element or an
idempotent then M is a prime ideal of T.

Proof: We shall use the following well known fact: If M
is a maximal ideal of T, then the difference ternary semi-
group T/M is simple and if T-M contains more than one
element, then T/M cannot be nilpotent. Write again T =
MUBMNP=CLetA, B, Cbe three ideals of T none
of then contained in M such that ABC ¢ M we again we
have AUM=BUM=CUM=T,hence Pc A, Pc
B, P = C and P® < ABC; therefore P* = M . This would
implies that T/M is nilpotent, which is impossible in both
cases considered in the statement of our theorem.

Example 3: The following example serves to clarify the
situation. Let S be the multiplicative ternary semigroup of
numbers x/OSxS% and G commutative group. Define
T=SU Gamultiplication°byx°y=0ifx e Ty € G
while the product in S and G remain the old ones. Then
T is a ternary semigroup with §* # S. Here S is a maximal
ideal which is prime. There is an infinity of further max-
imal ideals, namely the sets M = T - {t} where ¢ is any
element with 1 <t < 1 none of them being a primeideal
of T. 2

Example 4: Let T be the set of all integers > 3, the mul-
tiplication being the ordinary multiplication of numbers.
The sets sz {p,3p, ...} (p = Prime) are prime ideals of T
and clearly thel | Q, (where p runs through all primes) is
empty.

[Note that any union of the type r<a Q, (A a subset of
the set of all primes) is a prime ideal of T']

In contradiction to this we shall see in Theorem 3 that
the intersection of all maximal ideals of any ternary semi-
group is always non empty. In our example the maximal
ideals are the sets Mp = T-{p} and we have O Mp =T

We intend to clarify under which conditions prime
ideals are maximal ideals. To this we first prove the fol-
lowing crucial theorem.

6. Theorem 3

Let {M /ae A} be the set of all different maximal ideals
of a ternary semigroup T. Suppose that A > 3 and denote
P=T-M and M= O M_we then have
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a) P, NP,NP=Cfora=p+y.

b r=1Upjunm.

c) For everyv# awehave P c M, .

d) IfIis anideal of Tand IN P # Jthen P I

e) For a # 3 we have P_ P, < M, so that M" is not
empty.

Proof: a) For a # 8 # y; wehave M UM, UM =T.

Hence P, N P, N P =(T-M,) N (T- M,) N (T- M)
= T—(MaUMﬁUMy)zg.

b) We have M =() M,=() (T-P)=T-J acAP,.
Hence T = (U oceffsi’a) U ﬁA*.

c) ForvzawehaveP =TNP =M NP)NP =M,
NP .HenceP c M, .

d) IfIN P _#(Jtheset M U Iis an ideal of T which is
larger than M, hence M NI=T.
Since M, N P = wehave P C I

e) Suppose for an indirect proof that there is a couple
u,€P ,u; € Prsuch thatu pu, = p is not contained
in M*. With respect to (b) there is Py such that
u,€P . Suppose first that P = P . Then P < T- P =
Mv and PuPﬁ c MyPﬁ c My, hence u, € My , which is
a contradiction to #, € P =T-M_.Supposenext P,
=P. Then PB cT-P =M, and PaPﬁ cPM cM,
hence y e M =T - M, which is contradiction to
U, € P, .

7. Theorem 4

Let T be a ternary semigroup containing maximal ideals
and let M" be the intersection of all maximal ideals of T.
Then every prime ideal of T containing M* and different
from T is a maximal ideal of T.

Proof: Let Q be a prime ideal of T containing M*and Q #
T. We use the notations of Theorem 3. By (d) we have

U N
Q=T-[veH PJ]=veH (T-Pv)=veH M, Where

H c A and H is not empty.

If card H =1, we have Q = M. i.e. Q is a maximal ideal
of T and our Theorem is proved.

We shall show that card H > 2 cannot take place. Sup-
pose that for an indirect proof card H> 2. Let § € H and

n
denote M' =v % B M. We then have Q = M' N M, and
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M'M = M N M 5= Q. Since Q is prime, we have either
M'c Qor M/s cQ

1) The first possibility M' < Q together with Q < M’
implies Q = M'. Further M' = Q = M' N M ; implies
H M

ve —
vef v

M < Mﬂ. By Theorem 3(c) we have P, =

M". Hence Pﬁ cM 42 contradiction with P/S N Mﬁ =.

2) The second possibility Mﬁ c Q together with Q
Mﬁ implies Q = Mﬁ. Now Q = Mﬂ= M'N Mﬁwould
implies M, M. Since Myis maximal and M' c T'we
have M' =M P The relation P.cM '=M ,Constitutes
an apparent contradiction. This completes the proof
of our Theorem.

Let now be R={Q, / ae A} the set of all prime ide-
als of T and different from T and Q*a€ A =N Q,. Let
M={M, /a € A} be the set of all maximal ideals of T
and (as above) Mx=acA Ma.

If T satisfies T>= Tand M=, Q #, Theorem 1
implies Q" < M*.

8. Theorem 5

Let T be a ternary semigroup containing at least one max-
imal ideal. A prime- ideal Q # T is a maximal ideal of T if
andonlyif M* c Q.

Proof: If Q is a maximal ideal, we clearly have M* c Q.
If conversely M*  Q then by Theorem 4, Q is a maximal
ideal of T.

9. Theorem 6

Let T be a ternary semigroup containing at least one
maximal ideal. Then every prime ideal of T' (and # T) is a
maximalideal of T if and only if M* — Q*.

If more over T= T3 wehave Q" c M *.

10. Theorem 7

Let T be a ternary semigroup with T = T?, containing
at least one maximal ideal. Then R = M if and only if
Q" =M"
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