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Background/Objectives: To formulate and analyze a vector host epidemic model with non-monotonic and bilinear
incidences. Methods/Statistical Analysis: The stability conditions of disease free equilibrium and endemic equilibrium
are investigated by constructing suitable Lyapunov functions. Numerical simulation is carried out to justify the theoretical
results. Results/Findings: The disease becomes endemic when the basic reproduction number is greater than one and
it fades out when it is less than one. Conclusion/Application: In endemic state of the disease, number of infective host
decreases as awareness of vaccination and preventive measures increases and number of vectors approaches zero as the
awareness of use of insecticides and cleanliness tends to infinity.

Keywords: Basic Reproduction Number, Disease Free Equilibrium, Endemic Equilibrium, Stability, Vector Borne Diseases

1. Introduction

Vectors become the main mediators of infectious diseases
to the host population'. Awareness about preventive mea-
sures to reduce vector-host contacts® and the insecticide
control of the vector helps to eradicate the disease. Infec-
tious diseases have major social and economical impact
in the population. Mathematical models on epidemiology
provide significant insight into population behavior and
control. They play an important role in understanding the
dynamics of the diseases and to make the public health
policies for controlling disease®.

Our aim is to develop a vector born disease model with
non-monotonic incidence rate and bilinear incidence
rate* which describes the effect of social awareness on epi-
demics. In section 2, we formulate a system of differential
equations which represent the vector host epidemiolog-
ical model with non-monotonic rate and bilinear inci-
dence rate and compute the basic reproduction number.
We also obtain the disease free equilibrium and endemic
equilibrium for the model and analyze the stability condi-
tions for these equilibriums in section 3. In section 4, we
show the outcomes using numerical simulation.

*Author for correspondence

2. Model Formulation

Let S(¢) be the number of susceptible individuals, /(7) be the
number of infective individuals, and R(f) be the number of
recovered individuals in host population at time ¢ such that
N,() = S(t) + I() + R(t). We take a, is the recruitment rate
of host population, /, is the transmission rate from vector
to host, f, is natural death rate of host population, y is per
capita recovery rate of host, a is the parameter which mea-
sures the effect of awareness of vaccination and preventive
measures among the host population and b is the parameter
which measures the effect of cleanliness and use of insec-
ticide for vector control. We have chosen the parameter a
so that 1+aV +bV? >0 for all V20 and the parameter b
be positive. Let M (¢) be the number of susceptible vectors
and V (¢) is the number of infective vectors at time ¢ such
that N, (t) = M (t) + V (t). We take a, is the recruitment rate
of vector population, 3, is the natural death rate of vector
population and 4, is the transmission rate from host to vector.

Hence, our vector host epidemiological model with
non-monotonic incidence rate for hosts and the bilinear
incidence rate for vectors is represented by a system of
differential equations as follows:
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d
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The total population sizes of host and vector are asymp-
totically constant.

- _« . _«a
ie imN,()="/5, limN,(®)="}
Without  loss

N,()="5 . N,()="y5 for all 20.

Therefore the dynamical system (1.1) is now equiva-
lent to the dynamical system given by

dse)_  kASOVE)
dt ' 1+aV()+bVi()
i) kASHVE)
dr 1+aV(t)+bV>(t) yI(t) - B 1(t) (2.2)

av(t) _
7_/1 (ﬁ—z V(t))l(t) B,V()

of generality, we assume that

- B,S(t)

Tlolce values of R a01t1d M are determined from
R=—1-S-1 and M =-2-V, respectively.
1 2
We need non-negative solutions for biological reasons.
Due to mathematical properties of the solutions we study
the system (2.2) in the closed set

{(SIV) r<s+1<%g, 05V <%y s>01>0}

System (2.2) has disease free equilibrium E; (% ,0,0).
1
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To find the endemic equilibrium of system (2.2), set

o WESOVO o
1+aV(t)+bV>(t)
kASEV(2)

1+aV(t)+bV(t)

A (% - V(t)JI(t) —BV(t)=0

2

—y1(t)- BI(1)=0

This gives
bB.B; (v +B, )V +| ke, B2 2, + kA B2 (v + B, )+aB. B} (v +B,) |V
+ ﬁ1ﬁ22 (7 +B )_ kalaZA’lz’Z =0

The basic reproduction number is defined as follows

_kaa,A %,

= (2.3)
BB(r+h)

The endemic equilibrium E'(S', I, V') is given by the fol-
lowing equations

L +11) B2 (1+av" +bV") 00
kh [, =B,V ]
o BV (2.5)

W[, =BV’ ]

- —A+\/A2 —4bB;B; (v +B,) (1-R,)

2.6
2688, (v +B,) 20

where A=ka, f,AA, +kilﬂ (7/+,Lll)+06 ﬁlﬁ (7+ﬂ1)

3. Stability Analysis

In this section, we derive the stability conditions for the
disease-free and the endemic equilibrium of model (2.2).

3.1 Theorem

If R, < 1 then the disease free equilibrium E is locally
asymptotically stable and it is unstable for R > 1.

Proof: For the disease free equilibrium E, we obtain the
Jacobian matrix as:
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al
_ﬂl 0 _kl‘l Fl
0 —y-pB ki % (3.1)

o
0 )‘2 Fz _Bz

](E0)=

Characteristic equation of this matrix is given by

(E+B)[E+(r+B+B,)E+(r+B)B(1-R,)]=0

Clearly, this characteristic equation has a root & = —f,
which is negative. Another two roots are determined by the
equation

E+(y+B+B)é+(r+B,)B,(1-R,)=0

By Routh - Hurwitz criterion®®, we have that if R < 1 then
above equation has both the roots with negative real part
and if R > 1 then it has one of the root with negative real
part and another with positive real part. Thus, we obtain
that all the Eigen values of the above characteristic equa-
tion have negative real part for R < 1 and hence local
asymptotically stability of the disease free equilibrium E,
is established. When R, > 1, two of the Eigen values are
negative and one is positive and so E is unstable in this
case. Hence the theorem follows.

3.2 Theorem

The disease free equilibrium E is globally asymptotically
stable for R < land if R > 1then it is unstable.
Proof: We consider the function L, as follows,
k
L=y

1
1772

L, _khg, {% (ﬁ—VJI—MZV} kA, SV

at BB |\ B, aveoy A

=—(r+8, ){1 - kot hy }1 ket o kedyy, KASV

BB (v +B,) B.B, B, 1+aV +bV?
ka, A A
<+ BRI 4y, as <L
BB, B,
Sinceatall t >0, if R < 1 then & <0, the function L,
dt

is a Lyapunov function. Also, at the disease free equilibrium
ie at E (%} ,0,0) we find %:0. Thus, {E} is the
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largest invariant set in the closed set I. Therefore, E is
globally stable using LaSalle’s invariance principle’.

We now investigate the local stability of endemic
equilibrium and derive the global stability of endemic
equilibrium in the feasible region I by proving uniform
persistence of the system (2.2). We also apply theory of
second compound equations to show asymptotic orbital
stability of periodic solutions.

3.3 Theorem

The endemic equilibrium E’ of the system (2.2) is locally
asymptotically stable if R > 1.
Proof: We have

kA"  kAS bV kA

- B &0&
1+aV +bV"? A (I+aV* +bV*?)?  14+aV* +bV™

kA, (1-bV?)
&-— g0 U0V )
OB & v T ey

@0& A, (%—V*]&—/’LD
B,
kAV”
1+aV +bV™

Using the value of S', we have

trj(E") = - 2B,y -Al =B, <0 (3.2)

O RAS (az j
2 ﬁ1 = 2 -V
g (}“r ) (1+aV*+bV*2) B,
Also
. kAV* .
det](E )=—[l+avjfw+ﬁ1](7+ﬁl)(%l +ﬂz)

_kllﬂls*(bv*z—l) (&_ j
(1+av+bv) LB

~.det] (E7) <0, provided V" > 1y (3.3)

Second additive compound matrix J? (E") is given by
7’ [2](5**) —W(k2, 1V %)/ (1+ a0V *+bV " %0 2) 0280, 1
—y & (0kAD, 18" %1~ b0V *0"2))/ (1+alV *+bV 4Dy + B, + Ay,
We have, tr J(E'), det J(E") and det J* (E") all negative.

Hence, all Eigen values of J(E") have negative real part®®.
Hence the theorem.
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3.4 Theorem

If R;> 1, then system (2.2) is uniformly persistent, that is,
there exists € > 0 (independent of initial conditions), such that
liminf__S(f)> €, liminf__ /() > € and lim inf,__ V(¢) > €.
Proof: To prove this, we show the following results:

o For system (2.2), E is only one omega-limit point
on the boundary of I'.

+ ForR > 1, E cannot be the omega-limit point of any
orbit in Int I

(i) The vector field is transversal to the boundary of I,
except in the S-axis, which is invariant for the system
(2.2). On the S-axis, we have

ds
Z =0, - ﬂls

It follows from the above expression that S > a /B, as

t > oo. So, the first part is proved.
(ii) Now we define the following function in I.

_BB(1+R)

L,(t)= i I +V(@©)
sz(t):ﬁlﬁz(HRo)[ KESOVO) o) M))
dt 2k, 1+aV(t)+bV>(t)

_BB(O+R)  swve
20, (1+aV()+bV’(1))

2

+1, (%wmjl(m BV()

a (1+R) A
“BVH)+A, | 2-V(t) |I(t)- 221(t)
¢ [,3 ] 2R,

3 B,
ﬁlﬁz (1+Ro) 20‘1 a, _ _l L &
> 2 |:S(t)—ﬁ1 (1+R0):|V(t)+/lz|;& Vi(t) Z[RO +1J 5, :|I(t)

104

. 1( 1
Since R > 1, then Z[RH] <l and < 1. Hence, there

0

2
(1R,

exists a mneighborhood U of E, such_that for

. o
S,I,V)eUN IntI"> the expressions S(t)————
( ) B (1+R,))

%—V(t)—l[i+1J& are positive. We have that
2

dL. (t
_;t( ) >0 in the set U(EO)—{EO}. Now the level sets of L

and

0 2

are the plane

BB, (1+R,)
2kAa

1771

IH+V(i)=C

which move away from the S-axis when C increases. Since

L, is increasing along the orbits starting in UM Intl,
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all solutions of system (2.2) move away from E|.
skeskosk

3.5 Theorem

When R > 1, the endemic equilibrium E’ is globally
asymptotically stable.

Proof: The system (2.2) is uniformly persistent, and E" is
locally asymptotically stable for R > 1. To prove this the-
orem, we prove that the system (2.2) has the property of
stability of periodic orbits".

Let P(t) =(S(t),I(t),V(t)) be a periodic solution
of system (2.2). To prove the stability of periodic
orbits, it is sufficient to prove that the following linear
non-autonomous system,

W) =(J"P@®)) W)

is asymptotically stable. The second additive compound
matrix is given by

1+aV +bV?

For the solution P(t), we have,

, kAav kAS1-bV?)
Wl(t>=—[72+2/31+YJV\4<t>+72W0
l+aV+bV (1+aV+bV2)
N kAIS(l—bVZ)ZM(t)
(1+aV+bV2)
=1 | % [k
vvz(t)—lz{ﬂz VJWl(t) (Hav+bvz+ﬁl+%1+ﬁzjV\’Z(t)
, kAV
_ _ 3.5
W/ ()= s W) (7 +B,+ 2,1+ B, )W, (t) (3.5)

To prove that system (3.5) is asymptotically stable, we
consider the following function

w0, 2 w0, LD w1y

L, (M(t),Wz(t),V\c(t),S(t),I(t),V(t))=‘ Ve e

Where "" is the norm in R3 defined by

W, @, W, (0. W, 0= sup {[ Wi, W, + W}

From theorem (3.4), we obtain that the orbit of P(¢)
remains at a positive distance from the boundary of T.

There exists constant ¢ > 0 such that

L, (W, (6), W, (£), W, (8), S(1), 1(£), V(1)) = [W;, (1), W, (1), W, (t)]|  (3.6)
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Let (Wil(t),W¢2(l‘),Wl 3(t)) be a solution of the system
(3.5) and

L3<t>=sup{|m(t>|,%|m(t)+m(t)|} (3.7)

Thus, we obtain the following inequalities

k2,S(1-0v?)
(1+er+bVZ)2

KAV

1+aV+bV?

D+\wl(t)\s7( +2ﬁl+y]\wl(t)\+ %(é\wz(mw}(t)\j

D, |W,(t) <4, (%-v]\m(:)\ —[%wl +41+ﬁzj\w2(z)\ (3.8)

7%

D, [w, (o)< 1+aV +bV?

[W, )] = (y + B, + A1+ B, )| W, ()]

Also, we have

D, |W, () +W,()] <4, [‘;2

2

—Vle(t)—(ﬁl + 4,1+ B, )| W, (6)+ W, (1)
Thus we obtain

1 I' vV'\I 1
D+(V‘Wz(t)+w3(t)‘)=(7—vj;‘Wz(f)+Wg(l‘)‘+VD+‘Wz(t)"'ws(t)‘

a 1 I v 1

Dy |L Y B _iI-B |= 39
%(ﬁz V}V‘Wl(t)‘J{I Bl ﬁz}v\wz(mwa(z)\ (3.9)

From the first equation of system (3.8) and equation (3.9),
we get

D L,(t)<sup {g1 (), g, (t)} W(t)

Where

gl(t)=—[ i +2ﬂ1+7J+(MIS(1—_bVZ)Z%

1+aV +bV? 1+aV +bV?)

a I rv
8 (t)=2, [ﬁ_j_V]V+7_7_ﬁ1 —ALI-pB,

Rewriting the second and third equation of system (2.2)
as follows

r___ KAV
I (1+av+bv?)I (r+5)

\%4 a 1
= =22V | ==
P
We have
kAV kAS \%
gl(t)ﬁ—(%”ﬁlw}%—
1+aV +bV (1+aV+bV2) 1
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gl(t)<_ﬁl+17 (3.11)
I/

&) <-B T (3.12)

Hence

’

Sup{gl(t),gz(t)} S—ﬂl -|-I7

From equation (3.10) and Gronwall’s inequality", we
obtain

L,(t) <L()I(t)e ™ < L,(0) 2L e
u

1

which implies that L, (t)—0 as t—o0. By (3.6), we obtain

(W, (0, W, (1), W, () >0 as t—o,

Hence the linear system (3.5) is asymptotically stable
and hence the periodic solution is asymptotically orbitally
stable. Therefore, the endemic equilibrium E is globally
asymptotically stable®’.

4. Numerical Analysis

We present the numerical simulation using MATLAB, to
validate the theoretical results. Figure 1 shows that the
disease free equilibrium exists for R < 1. Figure 2 indi-
cates that disease becomes endemic for R, > 1. As the
parameters a and b increase, number of infective individ-
uals decreases. This is shown in Figure 3 and Figure 4,

respectively.
400 — T T T
S(t
300*\\ \ a
0 |
\ V(t)
100r -
I(t)
0 | [ | | | | | | |

Figure 1. Here S(0) = 400, I(0) = 100, V(0) = 300, k = 1.1,
« =11, a,= 100, \, = 0.007, \, = 0.009, B, = 0.045, = 0.61,
y=0.12,2=0.02,b=0.01, ROZ 0.401.
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0 |

100F V(t) 1
\\\ VAl

0 | | | | | | | | | |
U

T [ R A T I
t

Figure2. Here S(0) =400,1(0) = 100, V(0) = 300, k = 0.016,
a,= 11, = 100, A, = 0.007, A, = 0.009, B, = 0.045, 8, = 0.61,
y=0.12,2=0.02,b = 0.01, R = 27.59.

100,

80 ]

60 \
| \ i
a \\d‘\m\

0

Figure 3. Dependence of I" on a.

=

Figure 4. Dependence of I onb.

5. Conclusion

We have proposed a vector-host epidemiological model
and have studied the dynamical behavior of the model.
We established the global asymptotic stability of the
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disease free equilibrium for R < 1 and proved that if
R, > 1the the disease becomes endemic. The expres-
sion (2.3) shows that R  does not depend on a and b
but it is clear from numerical analysis that the num-
ber of infective hosts in endemic state I' decreases as
a and b increase. It can be found that from expression
(2.6) that the number of infective vectors in endemic
state V* approaches zero as b tends to infinity. The
results show that if people are aware of preventive
measures such as vaccinations and use of bed nets etc,
then the spread of disease can be controlled among the
host population. Also, awareness of clean surroundings
and use of insecticides helps to reduce the number of
vectors and eventually eradicate the disease.
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