
Abstract
In Stiles Crawford effect of the first kind a beam entering a pupil from the edge shows a diminution in the effective  brightness 
compared to an identical beam passing axially. The same reduction in brightness is also observed in a pupil becoming 
 gradually less transparent from the centre toward its periphery, known as pupil apodization. In this study we have treated 
Stiles Crawford effect as pupil apodization and evaluated the modulation in the retinal image using a periodic object of 
infinite cycles with a saw-tooth wave transmission profile, both under incoherent and coherent illumination. Over a wide 
range of spatial frequencies, though the incoherent entering beam shows a gradual decrease in the  modification, no change 
is observed for coherent illumination. Thus, the modeling of Stiles Crawford effect as pupil apodization is  insensitive to 
coherent illumination and the retinal distribution of light is dependent on the coherence of the incident beam apart from 
pupil entry point of the beam in traditional Stiles Crawford effect. Hence, this study highlights the significance of  employing 
coherence in the entering beam as an optical parameter in governing retinal response and understanding the spatial 
 distribution of photon absorption in the photoreceptors of a human eye.
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1. Introduction

A beam of light stimulates the retina weakly when its 
entry to the pupil is gradually shifted from the centre 
toward the edge. This is manifested as a reduction in vis-
ibility, also known as Stiles-Crawford effect of the first 
kind (SCE I)1. The same kind of reduction in brightness 
in an image is also observed when the pupil allowing the 
light to enter is covered with a filter which becomes less 
and less transparent from the centre toward the edge2. 
This is known as apodization. Due to this outward 
resemblance between the retinal Stiles-Crawford effect 
and pupil apodization, the SCE I has been modeled as 
a pupil apodization in studying retinal light distribu-
tions in many imaging situations3–6. And this approach 
of treating SCE I as pupil apodization is justified as light 
is assumed to enter into the receptor through a single 
accepting aperture7.

Mathematically, SCE I is expressed either as 
h r= −10 10

2r  or h r= −e er2
, where r is the distance in 

the entrance pupil from the origin of the function 
and η is the visibility8. The coefficients (of directional-
ity that measures the width of the pupil apodization) 
ρe and ρ10 are related by r r re = =1 2 3 10n 10 10 . .  In the 
absence of aberrations, both the approaches, of model-
ing the Stiles-Crawford effect of the first kind as pupil 
apodization and the waveguiding of light in the photo-
receptors give identical  predictions for effective retinal 
light  distributions9–13. 

The extensive literature available for modulation 
 evaluation studies has made use of various test targets 
under incoherent illumination14–20. But no work appears 
to have been done which simultaneously combine all 
the three parameters of 1. Treating the SCE I as a pupil 
apodization, 2. Choosing a test target of saw-tooth wave 
profile and 3. Using a spatially coherent entering beam 
to evaluate modulation21,22. This has the significance of 
knowing about the changes in retinal light spatial distri-
bution as a result of pupil apodization due to a grating 
structure of triangular transmission profile.
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2.  Analysis and Images of Periodic 
Saw-tooth Wave Targets

2.1 Analysis
The technique of coherent imaging involves the  following 
stages: first, the amplitude of light coming from the tri-
angular grating is spatially Fourier analyzed; next, it is 
filtered, and resynthesized as a distribution of amplitude 
of light in the retinal plane. At the end, the amplitude is 
squared to get retinal light distributions23–25. That is, an 
object with a complex amplitude distribution is Fourier 
transformed to produce its corresponding spatial fre-
quency spectrum. The apodizer, here SCE I modifies the 
object spectrum and the modified object spectrum is 
then inverse Fourier transformed to get the image com-
plex amplitude distribution. Finally, the squared modulus 
of this amplitude gives the intensity distribution in the 
image from which the modulation is computed to ascer-
tain the changes in retinal light spatial distribution in 
coherent illumination. 

2.2  Images of Periodic Saw-tooth Wave 
Targets

The transmission function of a periodic saw-tooth wave 
pattern can be mathematically defined as follows26.

A x h m x b( ) = + +( )  for 0 < < −x a b

= + + −( )h m x b a2  for a b x a− < < 2 .

Where h is the mean level of irradiance in the object, 
m is the slope of the pattern and 2a is the period for which 
the corresponding spatial frequency is w p=

a
.

The Fourier series representation of the above object 
transmission function is given by:26,27

.
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The Fourier transform of Equation (1) leads to 
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The evaluation of the above integral calls for the use of 
the two dimensional Dirac delta function defined as 
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Given that the Fourier transform of the input to the 
pupil is a(u,v), pupil exit function will be f(u,v)a(u,v) = 
a'(u,v) for f being the amplitude transfer function which 
we approximate as follows28:
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where K = 1 for diffraction-limited coherent  imaging 
 systems, and K = 2 for diffraction -limited incoherent 
imaging systems28,29–31 for apodization parameter σ = 
3.0868
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The image amplitude distribution at the exit pupil is 
obtained by the inverse Fourier transform of the  spectrum 
a'(u,v). Thus
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SCE-I modelled as pupil apodization under coherent and 
 incoherent illumination was computed using Equation (7) 
and Equation (9) respectively. Equation (8) is used to find 
out the modulations in the images of saw-tooth wave 
grating targets for coherent illumination. Similarly mod-
ulation is evaluated for the incoherent illumination using 
Equation (10). The values are plotted from Figure 1 to 
Figure 3. The cut-off frequency is the highest spatial fre-
quency that a normal human eye could resolve if it had 
perfect optics. So, the fineness of the retinal sampling 
array imposes a 75 Hz cut-off on sine waves that can be 
delivered to the retina using incoherent light. And for 
coherent light this will be lower, i.e., 37.5 cycles/deg29–31. 
All the computations are tabulated in Table 1 and 2.

From Figure 1, it is seen that the modification in the 1. 
modulation registers a change limited to a mere 2% 
over the entire spatial frequency range for all possi-
ble values of the slope. Though to a minor extent the 
slope governs the modulation, the striking behaviour 
is the near constancy of the modulation over the entire 
spatial frequency range for coherent entering light 
regardless of the values of the slope. This shows that 
coherence of the entering beam has also a role to play 
in governing retinal light distributions in addition to 
the pupil entry point of the beam in traditional Stiles 
Crawford effect. This is experimentally validated by 
the absence of an integrated Stiles Crawford function 
for coherent light32,33. 
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Substituting back in for Kn yields
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As f nw,0 0( ) =  for nw ≥1 the upper limit n' of n is 
such that nw <1. So, Equation (5) will be
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Finally, the image energy distribution will be given by 
the squared modulus of above as
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ωx can vary from 0 to π to compute maximum and 
minimum image energy distribution.

The modulation in the image (for unit contrast in the 
object) can be defined as 

 M
A A

A A
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2 2
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As the incoherent imaging is linear in image energy 
distribution, rather than amplitude the image energy dis-
tribution and the corresponding modulation equations 
for incoherent illumination will be given by
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As f nw,0 0( ) =  for nw ≥2 the upper limit n' of n is 
such that nw <2 for incoherent illumination28,29.

 M
I I
I Iinc. =

−
+
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 (10)

3. Result and Discussion
The retinal light distributions in the images of periodic 
saw-tooth wave targets, formed by a human eye with 

Figure 1. Modulation of a saw-tooth wave target for various 
slopes under coherent illumination. To a minor extent the 
slope governs the coherent response.
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see from Figure 2 that when we incorporate this value 
in computing the modulation, the modulation falls 
gradually over the entire range of spatial frequencies 
in incoherent illumination34. That is, the incoherent 
response is only governed by Stiles Crawford effect.
The modulation under incoherent illumination keeps 3. 
its behavior of decreasing with the increase in the value 
of the spatial frequency intact regardless of the value of 
the slope as ascertained from Table 2. That is, incoher-
ent illumination responds favorably to spatial frequency 
and is insensitive to change of slope34. So, the incoherent 
response mimics the traditional Stiles Crawford effect.
Figure 3 depicts the overall response of modulation to 4. 
spatial frequencies for apodization parameter 3.086 
(a human eye with Stiles Crawford effect modeled as 
pupil apodization) both for coherent and incoherent 
light taken together. This figure clearly indicates that 
coherence in the entering beam (as modulation is 
quite different for incoherent illumination compared 
to the coherent one) has the potential to be used as an 
optical parameter in controlling retinal response35.
Pupil apodization can be used as an optical technique 5. 
to obtain retina light distributions in presence of 
Stiles-Crawford effect of the first kind regardless of the 
transmission profile of the test targets chosen5,21. 
The importance of Stiles-Crawford effect lies in the 6. 
determination of the effective pupil apodization 
 function for eye and vision modeling36.
The modification the coherence in the entering beam 7. 
causes to the Stiles Crawford visibility function can be 
employed as a bio-sensor in predicting the early onset 
of glaucoma.

4. Conclusion
Pupil apodization technique can be used to incorporate 
directional effects of the retina5,10,20. And the analysis of 
this directionality is needed to have a better understand-
ing of the connection between the retinal image and the 
neural response since the retina plays a key role as the last 
optical element in the eye.

The modulation’s inability in showing the expected 
modification in coherent illumination for a human eye 
where the SCE I is modeled as a pupil apodization points 
to a more deeper fact in working, that is, the retina prefers 
to respond to the more immediate stimulus of an interfer-
ence pattern than to the pupil entry points of the entering 
beam hitherto governed traditionally by Stiles-Crawford 

Figure 2. Modulation of a saw-tooth wave target for various 
slopes under incoherent illumination. The modulation 
behaves same regardless of the value of the slope.

Figure 3. Modulation of a saw-tooth wave target for various 
slopes under both coherent and incoherent illumination. The 
straight line response is for coherent illumination.

σ = 3.086 is the value of the apodization parameter 2. 
for a human eye with Stiles Crawford effect of the first 
kind8. This value is important for our study and we 
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Table 1. Computation of Modulation for different apodization parameters over 
the entire range of spatial frequencies (ω) under coherent incident illumination

ω in c/deg m = 0.5 m = 0.75 m = 1.0 m = 1.25 m = 1.5 m = 1.75

3.75 0.99758 0.99683 0.99818 0.99882 0.99917 0.99939

7.50 0.99994 0.99732 0.9966 0.99841 0.9992 0.99962

9.25 0.99984 0.99617 0.98961 0.99128 0.99381 0.99537

11.25 0.99672 0.99917 0.99436 0.98918 0.99113 0.99335

15.00 0.99841 0.99878 0.99927 0.99532 0.99776 0.99922

18.75 0.99985 0.99231 0.99999 0.99607 0.98884 0.98105

22.50 0.99449 0.99288 0.99673 0.99988 0.99642 0.99066

26.25 0.99944 0.99994 0.98732 0.99845 0.99977 0.99683

30.00 0.99994 0.99582 0.9949 0.99221 0.99916 0.99974

33.75 0.99989 0.99777 0.99992 0.98795 0.99474 0.99946

37.50 0.99451 0.99927 0.99747 0.99703 0.98686 0.99606

Table 2. Computation of Modulation for different apodization parameters over 
the entire range of spatial frequencies (ω) under incoherent incident illumination

ω in c/deg m = 0.5 m = 0.75 m = 1.0 m = 1.25 m = 1.5 m = 1.75

3.75 7.1604 7.1604 7.1604 7.1604 7.1604 7.1604

7.50 3.75111 3.75111 3.75111 3.75111 3.75111 3.75111

9.25 2.92308 2.92308 2.92308 2.92308 2.92308 2.92308

11.25 2.47659 2.47659 2.47659 2.47659 2.47659 2.47659

15.00 1.70417 1.70417 1.70417 1.70417 1.70417 1.70417

18.75 1.32319 1.32319 1.32319 1.32319 1.32319 1.32319

22.50 1.06708 1.06708 1.06708 1.06708 1.06708 1.06708

26.25 0.83782 0.83782 0.83782 0.83782 0.83782 0.83782

30.00 0.70722 0.70722 0.70722 0.70722 0.70722 0.70722

33.75 0.61799 0.61799 0.61799 0.61799 0.61799 0.61799

37.50 0.45016 0.45016 0.45016 0.45016 0.45016 0.45016

41.25 0.39631 0.39631 0.39631 0.39631 0.39631 0.39631

45.00 0.36106 0.36106 0.36106 0.36106 0.36106 0.36106

48.75 0.31821 0.31821 0.31821 0.31821 0.31821 0.31821

52.50 0.27238 0.27238 0.27238 0.27238 0.27238 0.27238

56.25 0.26056 0.26056 0.26056 0.26056 0.26056 0.26056

60.00 0.23693 0.23693 0.23693 0.23693 0.23693 0.23693

63.75 0.21409 0.21409 0.21409 0.21409 0.21409 0.21409

67.50 0.19925 0.19925 0.19925 0.19925 0.19925 0.19925

71.25 0.17797 0.17797 0.17797 0.17797 0.17797 0.17797

75.00 0.16426 0.16426 0.16426 0.16426 0.16426 0.16426
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effect of the first kind only. Recent experiments5,32,33 
have also validated such line of arguments and findings. 
Moreover, apodization as an optical technique can be suc-
cessfully used to compute retinal response regardless of 
the profile of the test objects employed.

The significance of the work lies in the potentiality 
of coherence being used as an optical parameter in regu-
lating retinal stimulation and understanding the spatial 
distribution of photon absorption in the photoreceptors 
of a human eye.
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