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Abstract
In this paper we introduce quasisymmetric space and examine several topological characteristics of this space and establish 
common fixed point theorems for four self mappings in quasisymmetric spaces.
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1.  Introduction
It is substantial that the eminent contraction principle is 
a salient result in fixed point theory which has been used 
extensively in many special directions. In modern years 
many authors have discussed numerous notions of metric/  
quasi metric/dislocated metric/dislocated quasi metric/
symmetric space in different ways1–5. 

A metric space is a special kind of topological space. 
In a metric space, topological properties are character-
ized by means of sequences. Sequences are not sufficient 
in topological spaces for such purposes. It is natural to 
try to find classes intermediate between those of topologi-
cal spaces and those of metric spaces in whose members 
sequences play a predominant part in deciding their topo-
logical properties. A galaxy of mathematicians consisting 
of such luminaries as Frechet6, Chittenden7, Frink8, W. A. 
Wilson9, Niemytzki10  have made important contributions 
in this area. In this paper we investigate the topological 
characteristics of quasisymmetric space and derive some 
common fixed point theorems.

2. � Notations and Preliminaries on 
Quasisymmetric Spaces

Let X be a nonempty set. Any function d X X R: ¥ Æ +,  
where R+ is the set of nonnegative real numbers is 

called a distance function d on X. We consider the  
following:

d1 : Self distances are zero: d(x, x) = 0
d2 : Distance is symmetric: d(x, y) = d(y, x)
d3 : �Positive distance between distinct points: d(x, y) =  

d(y, x) = 0 ⇒ x = y
d4 : Triangle inequality: d(x, z) ≤ d(x, y) + d(y, z)

d is called,

(i)	 Metric if d satisfies d1  through d4.
(ii)	 Dislocated metric if d satisfies d2 through d4.
(iii)  Dislocated quasi metric if d satisfies d3 through d4.
(iv)	 Symmetric if d satisfies d1 through d3.

The pair (X, d) is called a metric /dislocated metric/dis-
located quasi metric /symmetric space if d is a metric/
dislocated metric /dislocated quasi metric/symmetric  
on X.

Metric spaces are well known. Dislocated (quasi) met-
ric spaces are introduced by Pascal Hitzler2 and topological 
aspects of a dislocated metric spaces and dislocated quasi 
metric spaces are studied by Sarma3 and Sumati4. Fixed 
point theorems on symmetric spaces can be found in 11,12.

Here we introduce the notion of quasisymmetric 
space, probe in to the topological aspects and derive some 
fixed point theorems.
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Definition 2.1
A distance function on a space X is said to be quasisym-
metric and the pair (X, d) said to be quasisymmetric space 
if d satisfies d1 and d3:

d x y x y( , ) .= ¤ =0

Example 2.2
For any set X and any d X X R: ¥ Æ '+  

d x x x X( , ) = " Œ0  and d x y( , ) π 0  if x ≠ y in X, 

d is quasisymmetric on X.

Example 2.3
d x y x y x y R( , ) | | ,= + Œ2 for  defines a quasisymmetric on 
R which is not symmetric.

Definition 2.4
Let (X, d) be a quasisymmetric, { }xa aŒD  a net in X and  
x ∈ X. We say that { }xa aŒD  converges to x in (X, d) if 

lim ( , ) lim , .
a a a ad x x d x x= ( ) = 0  In this case we write 

lim .
a ax x=

Definition 2.53

If A XÃ  and x XŒ  we say that x is a limit point of A if 
there exists a net ( ) { } lim .x A x x xa a a aŒD - ' =in

The set of all limit points of A XÕ  is denoted by D(A) .

Remark
In a quasisymmetric space (X, d) if x XŒ , the constant net 
( )xa aŒD where x xa a= " ŒD converges to x.

2.1  Convergence Axioms
Let (xn), (yn), (zn) be sequences in X and x, y, z ∈ X.

C x x d x y d y x
y x

n n n n n

n

1 0: lim , lim ( , ) lim ( , )
lim

= = =
fi =

C x x y x d x yn n n n2 0: lim , lim lim ( , )= = fi =

C x x d x y d x y
d y x d y x

n n

n

3 : lim lim ( , ) ( , )
lim ( , ) ( , ).

= fi =
=

and

C x x x y x yn n4 : lim , lim= = fi =

It is simple to verify that C C and C C1 4 2 4fi fi

Above mentioned convergence axioms can be found 
in16. The authors of16 highlighted some convergence axi-
oms and proved some implications and nonimplications 
among them. By using these convergence axioms we 
prove some theorems.

Theorem 2.6
If (X, d) is a quasisymmetric space with C1 and  
A, B ⊆ X then  

(i)	 D A if A( ) = =f f
(ii)	 D A D B if A B( ) ( )Õ Õ
(iii)  D D A D A( ( )) ( )Õ   
(iv)	 D A B D A D B( ) ( ) ( )» = »

Proof
(i) and (ii) are obvious. 

From (ii), we have 
D A D B D A B( ) ( ) ( ).» Õ »  To establish the reverse  
inclusion,

let x D A B xŒ » a ŒDa( ) ( / )and  and be a net in 
A B x» - '{ }  

x x= lim( ).
a a

If l a lŒD ' Œ - ≥x A xa { } for  subsequently 

x D A D A D BŒ Õ »( ) ( ) ( ).

If not for each a ŒD, choose b b( ) ( )a a aŒD ' ◊ ≥  and 
x Bb a( ) .Œ  Then ( / )( )xb a a ŒD  is a co-final subnet of 

 
 

( / ) { }x B xa a ŒD -in
and x xb( ) ,a =  so that x ∈ D(B)

This shows D A B D A D B( ) ( ) ( ).» Õ »  Thus (iv) holds.
To show (iii), let x D D A xŒ ŒD( ( )), ( / )a a  be a net in  

D(A) - {x}

fi =lim( ) .
a ax x

For every i ∈ N choose a a a ai i d x x
ii

ŒD - ' <-{ } ( , )1 1
1

…   

and d x x
i

x D A x
i i

( , ) ( ) { };a a< Œ -1 since  there exists a 

net { / } { } lim .,x A x x x
i i ii ib bb aŒD - ' =in a  Choose 

b b a a bi d x x
i

d x x
ii i i i

' < <( , ) ( , )1 1and
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Then lim ( , ) lim ( , )d x x d x x
i ia a= = 0 and

lim ( , ) lim ( , )d x x d x x
i i i ib a ba = = 0

Hence by C d x x
i1 0, lim ( , ) .b =

Since the net { / } { }x i N A x
ib Œ -in  converges to 

x X x D AŒ Œ, ( ).
Thus D(D(A)) ⊆ D(A).

Corollory 2.7
If A A D A= » ( ), the operation A A P XÆ on ( ) 
satisfies Kurotawski’s Closure axioms13 and hence 
¡= Ã ={ / }A A X and A AC C  is a topology on X. 

Theorem 2.8
If (X, d) through C A X1, Ã  is open (i.e A Œ¡ ) if for every 
x ∈ A there exists d d> ' Õ0 B x A( ) .

Proof
Suppose A is open in ( , ).X ¡  Then Ac is closed, i.e A Ac c= .

Suppose x ∈ A and there is no d d> ' Õ0 B x A( ) . Then 
for every positive integer n x B x An

n

c$ Œ «1 ( ) .

fi =lim .x xn

fi Œx Ac ,  contrary to the assumption that x ∈ A.

Hence x A B x AŒ fi $ > ' Õd d0 ( ) .
Conversely suppose " Œ $ >x A d 0  (depending on x)  

' ÕB x Ad ( ) .
We show that D A Ac c( ) .Õ  Otherwise x A D AcŒ « ( ).
Since x A B x AŒ $ > ' Õ, ( ) .d d0
Since x D AcŒ ( ),  there exist a net  ( / ) lim( ) .x A x xc

a a aa ŒD Õ ' = 
( / ) lim( ) .x A x xc

a a aa ŒD Õ ' =
In view of the fact that 

d dd> $ ŒD ' <0, ( , )a ad x x  and d x x( , )a < d  for a a≥ d

fi Œx B xa d ( ) for a a≥ d  A contradiction.
Therefore D A Ac c( ) Õ .

Proposition 2.9
If (X, d), through C1 and C3, x ∈ X and δ > 0 then B xd ( )  
is an open set, i.e B xd ( ) .Œ¡

Proof
Assume y B xŒ d ( ). If there is no r B y B xr> ' Õ0 ( ) ( ),d  
then for several positive integer n, then there is 
y B y B xn

n

cŒ «1 ( ) ( ).d

fi < <d y y
n

d y y
nn n( , ) , ( , )1 1  however d x yn( , ) ≥ d  or 

d y xn( , ) .≥ d
The set { / ( , ) }n d x yn ≥ d  or the set { / ( , ) }n d y xn ≥ d  

must be infinite. And let { / }n kk ≥1  be an infinite sequence 
' ≥ "d x y knk

( , ) .d

Since lim ( , ) lim ( , ),d y y d y y Cn nk k
= =0 3by

lim ( , ) ( , ) lim ( , ) ( , ).d y x d y x d x y d x yn nk k
= = =and

\ ≥d x y( , ) .d  A contradiction.
We get a contradiction in a similar way if the  

second set is infinite.
Hence $ > ' Õd d d0 B y B x( ) ( ).

Proposition 2.10
If (X, d) satisfies C1, C3 then the induced topology ¡ is 
Hausdorff and first countable.

Proof
Since B xd ( ) is open " >d 0 and by Theorem 2.8, 

B x n N
n
1 ( )/ Œ

Ï
Ì
Ô

ÓÔ

¸
˝
Ô
Ǫ̂

 is a countable open base at x, hence ¡ is 

first countable.
Suppose ¡ is not Hausdorff then there exist x, y ∈ X,  

x ≠ y  and for every n B x B y
n n

> « π0 01 1, ( ) ( ) .

If z B x B y z xn
n n

nŒ « =1 1( ) ( ), lim

Since C C x y1 4fi =, ,  a contradiction.
Hence ¡ is Hausdorff topological space.

Proposition 2.11
x ∈ X is a limit point of A XÕ  iff for every r A x B xr> - « π0 0, { } ( ) 

r A x B xr> - « π0 0, { } ( )

Proof

If x ∈ D(A) there exists a net ( / ) { } lim( ) .x A x x xa a aa ŒD Õ - ' =
 ( / ) { } lim( ) .x A x x xa a aa ŒD Õ - ' =
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If Œ> $ ŒD ' <ŒŒ0 a ad x x( , )  and d x x( , )a < Œ for 

a a≥ Œ

Thus x A x B xra Œ - «{ } ( ) whenever a a≥ Œ.
On the contrary if for every r A x B xr> - « π0, { } ( ) ,f

for every positive integer n, there is xn ∋.

d x x
n

d x x
n

x A xn n n( , ) ( , ) { }.< < Œ -1 1and and

Thus lim( ) { } { }.x x x A xn n= Õ -and

fi Œx D A( ).

3. � Main Results on 
Quasisymmetric Space

We establish coincidence point results for four mappings 
satisfying the property (E.A) on a quasisymmetric space 
(X, d) through C1, C2, C3, C4 under a few contractive con-
ditions. We prove common fixed point theorems for such 
self mappings via weak compatibility.

Definition 3.114

Let S, T : X → X. The pair (S, T) gratify property (E.A) if there 
exists a sequence { } lim lim .x in X Sx Tx t Xn n n n n' = = Œ

Æ• Æ•

Definition 3.215

Let S, T : X → X. The pair (S, T) is said to be weakly com-
patible if STx = TSx, Whenever Sx = Tx.

Theorem 3.3
Let A, B, S and T be self-mappings on X ∋

(1)  AX ⊂ TX and BX ⊂ SX
(2) � The pair (B, T) gratify (E.A) (resp., (A, S) satisfies the 

property (E.A)
(3) � For any x, y ∈ X, d(Ax, By) ≤ m(x, y).
	 m(x, y) = max{d(Sx, Ty), min{d(Ax, Sx), d(By, Ty)}, 

min{d(Ax, Ty), d(Sx, By)}}
(4)  SX is closed subset of X

Then there is u, w ∈ X ∋ Au = Su = Bw = Tw

Proof
In view of the fact that the pair (B, T) gratify the property   
(E.A) there is a sequence {xn} in X, and a point t in X ∋

lim ( , ) lim ( , )n n n nd Tx t d Bx tÆ• Æ•= = 0

From (1), there exists a sequence {yn} in X, ' =Bx Syn n 
and hence lim ( , )

n nd Sy t
Æ•

= 0

By C2, lim ( , ) lim ( , )
n n n n n nd Tx Bx d Sy Tx
Æ• Æ•

= = 0

In view of the fact that SX is a closed subset of X, there 
exists u ∈ X ∋ Su = t

From (3), we have

d(Au, Bxn) ≤ max{d(Su, Txn), min{d(Au, Su), d(Bxn, Txn)}, 

min{d(Au, Txn), d(Su, Bxn)}}

Letting n →∞ and applying C3, we get d(Au, Su) = 0.
By applying C3, d Su Au Tx Au

n n( , ) lim( , )=
Æ•

By applying C1, lim( , )
n nTx Au
Æ•

= 0

⇒ d(Su, Au) = 0
⇒ Su = Au

In view of the fact that AX ⊂ TX there exists w ∈ X ∋ 
Au = Tw.

Our aim to prove that Tw = Bw. From (3) we have,

d(Au, Bw) ≤ max{d(Su, Tw), min{d(Au, Su), d(Bw, Tw)}, 

min{d(Au, Tw), d(Su, Bw)}}

⇒ d(Au, Bw) = 0

Now d Bw Au d Bw t d Bw Tx
n n( , ) ( , ) lim ( , )= =
Æ•

0  

Since d Au Bw d t Bw d Bx Bw
n n( , ) ( , ) lim ( , )=
Æ•

 and 

lim ( , ) .
n n nd Bx Tx
Æ•

= 0

fi =
Æ•

lim ( , )
n nd Tx Bw 0

Hence Au = Bw
Hence Au = Su = Bw = Tw

Theorem 3.4
Let (X, d) be a quasisymmetric space through C1, C2 and 
C3 let A, B, S and T be self-mappings of X ∋

(1)  AX ⊂ TX and BX ⊂ SX
(2)  The pair (B, T) gratify the property (E.A)
	 (resp., (A, S) satisfies the property (E.A).
(3)  The pairs (A, S) and (B, T) are weakly compatible,
(4) � For any x, y ∈ X, x ≠ y 

d(Ax, Byn) = max{d(Sx, Ty), min{d(Ax, Sx), d(By, Ty)}, 
min{d(Ax, Ty), d(Sx, By)}}



P. Sumati Kumari, Kastriot Zoto and Ch. V. Ramana

Indian Journal of Science and Technology 1587Vol 7 (10) | October 2014 | www.indjst.org

(5) � SX is closed subset of X. (resp., TX is a closed subset  
of X) 

Then A, B, S and T have a unique common fixed point 
in X.

Proof
From above theorem, there is u, w ∈ X ∋ Au = Su = Tw 
= Bw.

From (3), ASu = SAu, AAu = ASu = SAu = SSu and 
BTw = TBw = TTw = BBw. If Au ≠ w then from (4), we 
have

d(AAu, Au) = d(AAu, Bw) 
< max{d(SAu, Tw), 

min{d(AAu, SAu), d(Bw, Tw)}, 
min{d(AAu, Tw), d(SAu, Bw)}}

= max{d(AAu, Au), 0, d(AAu, Au)}  
= d(AAu, Au)

A contradiction.

∴ Au = w.

Likewise if u ≠ Bw, we will get a contradiction.
Thus Au = w = Su = Tw = Bw = u and  is a common 

fixed point of A, B, S and T.
Uniqueness:
Let z, w be any fixed point of A, B, S and T. Then

d(z, w) = d(Az, Bw)
≤ k max {d(Sz, Az), d(Tw, Bw), d(Sz, Tw)
= d(z, w)

Which implies d(z, w) = 0 and z = w.
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