
Distribution of Loss Severity of Bonus-Malus Systems
Maryam Teimourian1*, Mohammad Q. Vahidi-Asl2 and Amir T. Payandeh Najafabadi2

1Department of Statistics, College of Science, Tehran Science and Research Branch,  
Islamic Azad University, Tehran, Iran; teimorymar@gmail.com

2Department of Statistics, Shahid Beheshti University, G. C. Evin, Tehran, Iran;  
m-vahidi@sbu.ac.ir, Amirtpayandeh@sbu.ac.ir 

Abstract
This paper describes a method for computing the distribution function of the loss severity in a Bonus-Malus system with 
k levels. A closed form expression for the distribution function of the loss severity by assuming different distributions for 
claim sizes and claim numbers in each level has been derived. Also, Ruin probability and computing VaR in the system have 
been given. 
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1. Introduction
Bonus-Malus system is one of non-life actuarial model. 
In fact, bonuses can be earned by not filing claims, and a 
malus is incurred whenever any claim has been filed. For 
more information see Denuit et al.5. In practice, a Bonus-
Malus scale consists of finite number of levels, numbered 
from 1 to k, each with its own relative premium. So, the 
portfolio of an insurance company can be classified into    
k different groups as policyholders in the first group have 
the smallest risk-tendency and the policyholder in the 
last group have the largest risk-tendency in the portfolio. 
Hence, the loss severity of the portfolio at given time t is 

 
W t U jl

l

N t

j

k j

( ) = ∑∑
==

( )

11  
(1)

and W t( ) = 0 whenever N tj
j

k

=
∑ ( ) =

1
0. The random variable  

N tj ( ) is the number of claims of jth
 type of contract till t 

and U jl  for j k= 1 2, , ...,  and l N j= ( )1 2, , .., t  is the size of 

lth claim of jth
 type contract.

In practice, the pure premium is the expected cost of all 
the claims that the policyholder will file during the coverage 
period. So Computing or approximating the  distribution 
function of the loss severity with k different groups of risk, 

i.e. W t( ), has been one of the central points in insurance 
mathematics. Besides, numerical methods like recursions 
or numerical inversion of Fourier transforms are  becoming 
more important and produce excellent results for the case 
of a finite range of values10. Many authors have tried to 
derive a general method for computing loss severity distri-
bution. A review of this can be found in Sundt11. In many 
practices, we need to compute loss severity distribution 
where the claim number process, N t( ), consists of two or 
more different processes that individually follow a specific 
process but with different parameter values. For example, 
in motor insurance one might like distinguish between 
male and female car owners; or the insurer may use layers 
in the age structure of his insured drivers. In general, one 
assumes that the claims come from a heterogeneous group 
of policyholders.

Within this framework, many papers deal with the 
loss severity model. Namely, Li and Garrido8 considered 
a classical risk process along with a generalized Erlang (2) 
risk process and calculate the ruin probability for a risk 
process. Lv et al.9 considered a risk model with two kinds 
of independent claim number processes which consists of 
a Poisson process and an ordinary renewal process and 
obtained an exponential upper bound for the ruin prob-
ability. Yuen et al.13 considered a bivariate compound 
Poisson model for two dependent classes of an insurance 
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business and used a bivariate compound binomial model 
to approximate the survival probability and found some 
bounds for the ruin probability. Guo et al.7 considered 
a risk process with two dependent classes, using a two-
 dimensional Cox risk model. They investigated this process 
by considering two individual processes separately and 
derived an upper bound for the ruin probability. Dong6 
studied a Sparre-Anderson negative risk sums model and 
proved that we can transform a risk process involving two 
dependent renewal processes into a risk process involv-
ing three independent renewal processes. Furthermore, 
they obtained integro-differential equations with some 
boundary conditions for the survival probability. Wang 
and Yuen12 considered a risk model with some dependent 
classes classified into groups of insurance businesses. 
By assuming the existence of moment generating func-
tion of aggregate claim, they found upper bounds for the 
ruin probability under certain assumptions. In all these 
works only special cases have been considered and no 
attempt has been made to derive loss severity distribution 
and ruin probability has been the main aim. But in many 
 situations such as in computing risk measure, we need 
the loss severity distribution. The main purpose of this 
paper is to consider a loss severity model with k depen-
dent classes of claims and to derive some useful results in 
this direction.

In the next section we study some preliminaries. 
Section 3 is devoted to formulating and proving the main 
theorem and computing the loss severity distribution. 
Applications of the loss severity distribution including 
the computation of ruin probability and Value-at-Risk in 
a Bonus-Malus system are given in Section 4.

2. Preliminaries
We consider a Bonus-Malus system with k levels as a 
 portfolio consisting of k different types of contracts. Hence 
k types of processes exist for the number of claim processes 
and k different distribution for the severity of loss in each 
group. The loss severity of the portfolio till time t is given 
by Equation (1). We assumed that the random variables 
U jl  for l N tj= ( )1 2, , ..,  are independent and identically 
distributed with common distribution F j kU j

, , , ,= 1 2  .  
It is clear that the loss severity is in general a random sum 
of random variables. Depending on the type of portfo-
lio, the insurer can make different assumptions on the 
claims number processes. The Poisson process has some 
good properties but in this paper we will assume any 

reasonable process for the claim number process. The 
 distribution function of the loss severity of the portfolio 
up to time t is 

 
F w P W t w P U wW jl

l

N t

j

k j

( ) = ≤( ) = ∑∑ ≤



==

( ) .
( )

11

It is most often assumed that the processes N tj ( ) and 
U jl are stochastically independent, and we usually will 
 follow this practice. Denote the characteristic function of 
W t( ) for any positive s by fW

isw
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where g sN ( ) is the probability generating  function 
of random vector N( ) ( ( ), ..., ( ))t N t N tk= 1  and fU jl,
j k l N tj= =1 2 1 2, , ..., , , , .., ( ), is the characteristic function 

of the random variable U jl . The following lemma, from 
Athreya and Lahiri2, will be used frequently in the sequel. 
The integrability of fW in the Riemann sense is the only 
sufficient condition we need later.

Lemma 1: Suppose W be a random variable with the char-
acteristic function fW  that is integrable in the Riemann 
sense. Then FW is absolutely continuous with density 
given by 

 f w isw s dsW( ) exp ( ) .= ∫ −{ }−∞
∞1

2p
f  (3)

Calculating the integral in (3) is not an easy task and 
its calculation is of great interest in this paper. We use 
characteristic function by inverse Fourier transform and 
we need to consider contour integration.

The following from Ablowitz and Fokas1 represents 
residue theorem and Jordan lemma.

Lemma 2: Let h( )z  be analytic inside and on a simple 
closed contour C, except for a finite number of isolated 
singular points z z zn1 2, , ...,  located inside C. Further, 
suppose CR, is a large semicircle on the circular C, and 
h( )z KR≤ , where KR depends only on R and KR → 0 as 
R → ∞. Then for all k ≠ 0,

lim exp h( )
R C ikz z dz

R→∞
{ }∫ = 0

and therefore,
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Finally, the following lemma makes available use of 
Jordan lemma for characteristic function of the loss  severity 
of the portfolio.

Lemma 3: Let W be a random variable with absolutely 
continuous cumulative distribution function FW and 
 density function fW . For the complex function g(z) 
defined by g iwz dwW(z) exp f (w)= ∫ { } , z x iy= + , we have

lim (z) .
|z|→∞

=g 0

Proof: For any fixed positive  and each density func-
tion fW there exists a step function f w c I wm
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The next section explores some situations for comput-
ing the loss severity using Lemma 3.

3. Theoretical Findings 
To identify a method for computing the loss severity 
 distribution of a portfolio is one of the main purposes in 
insurance mathematics. For that purpose, we introduce 
a method that uses the previous lemmas to tackle the 
 problem.

Theorem: Suppose fW  be the characteristic function of a 
random variable is given by Equation (1). Where fW is 

integrable in the Riemann sense and z zl n, ...,  be singular 

points of complex function fW z z( ), ∈  Then FW  is 

 absolutely continuous with density given by 
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Proof: If fW s( ) is integrable in the Riemann sense, using 
Equation (3):

f w e s dsisw
W( ) ( ) .= ∫ −

−∞
∞1

2p
f

Now, we arrive at the desired result using Lemmas 2 
and 3 with KR = e . Hence from Equation (4)
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where z l nl , ,= 1  are singular points of the complex func-
tion fW z( ) . 

In the following example, we derive the distribution 
function of the loss severity using this theorem.

Example: Suppose that for positive fixed t, 
U U Uj j N t jj1 2, , ..., ( )  is a sequence of i.i.d random variables 
with a common exponential distribution

f u uU j jlj
( ) exp ,= { }l l

where j k l N tj= =1 2 1 2, , ..., ; , , ..., ( ). Then using 
Equation (2)
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The characteristic function is integrable for nj >1, and 
isolated singular points of fW s( ) are z i z ik k1 1= − = −l l, ..., . 
Therefore using Equation (5)
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The last relation can be computed easily and hence we 
arrive at the loss severity distribution of the portfolio.

4.  Application to   
Bonus-Malus systems

In many situations, the loss severity distribution is needed 
and the above method allows us to obtain some valuable 
results in risk theory. Tow simple of those is given in the 
following. Both results, driven by Theorem, are tasks of 
importance in risk theory. The first one is computation 
the ruin probability of a Bonus-Malus system and the 
other one is about a risk measure.

4.1  Ruin Probability of a  
Bonus-Malus System 

Let the system include k levels and M t( )  is the number of 
policyholders in the system till t. Also, the distribution of 
premium of lth  policyholder in the system is 

P C c p I c j k l M tl j c
j

k

j
( ) ( ) , , ..., ; , , .., ( ),= = ∑ = =

=1
1 2 1 2

where I ccj
( ) is the Indicator function. The loss severity 

by considering k dependent groups of risks is given by 
Equation (1). If u0  be initial capital, the surplus process 
of Bonus-Malus system is

x(t) = u + W(t) = u0
1

0C R tl
l

M t

=
∑ +−

( )
( ).

We want to derive the ruin probability, i.e. P tx( ) <( )0  
at given t > 0. For this, we use the characteristic function 

of R t Cl
l
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W(t), the discrepancy between the total 

 premium and aggregate claim, that is
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The following corollary introduces a relation for com-
puting the ruin probability in Bonus-Malus systems.

Corollary 1: Suppose fR t( ), the characteristic function 
of R t( ), is integrable in the Riemann sense and z zl n, ...,  be 
singular points of complex function fR t z z( ) ( ), ∈ . Then
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4.2 Value-at-Risk
A risk measure is a mapping from the set of  random 
 variables, risks, to the real line. The purpose is to 
give a single value for the degree of risk or uncer-
tainty  associated with a random variable. Value at risk 
(VaR) is a very popular risk management tool in many 
diffe rent types of organizations3. VaR by definition 
VaR X p F pX; ( )  = −1 , has many advantages including 
that VaR always exits (see Denuit et al.4). The distribu-
tion function of loss  severity is used for deriving VaR and 
without the  distribution  function of loss severity it cannot 
be  computed.

Corollary 2: Let fW  be the characteristic function of 
loss severity W. If fW is integrable with respect to the 
Lebesgue measure on  with singular points z zl n, ..., , 
then VaR is obtain from

Res e z z dt p
i

n
izw

W
VaR

i
=

−
−∞ ∑ ( )∫ =

1
f ( ); .

5. Conclusions
This article employs a well known complex variable method 
to provide a closed form for the distribution of loss sever-
ity of Bonus-Malus systems. We considered the system as a 
portfolio with k dependent (or independent) classes of claim 
processes and different claim size distributions. A closed 
form for distribution function of the loss severity of such 
portfolio has been derived. Also, some useful results in risk 
theory have been given. 
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