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Abstract
In this paper, a new analysis is performed on dynamic behavior of beam-moving mass system, considering all the linear and 
nonlinear inertia terms of the moving mass as well as the friction between the beam and the mass. The partial deferential 
governing equation is transferred to a discretized form, using Galerkin method. Then the Homotopy perturbation method 
is used to solve the nonlinear time varying discretized equation of motion. In addition to the approximate analytic solution 
of the equation, the border line of stable and unstable regions and the resonance curves in the mass-velocity parametric 
plane are determined semi-analytically. The numerical simulation is used to verify these new finding from the analysis.
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1.  Introduction 

Analyzing the dynamic interaction of a beam under the 
passage of a moving mass received the first attention from 
the apparition of railways in the nineteenth century and 
has been studied from different aspects by researchers. In 
recent years, due to economical reasons, there has been a 
growing trend towards the construction of more slender 
structures, inducing more pronounced vibrations. This 
fact emphasizes the importance of studying the formation 
of such phenomena and how to control them. Therefore, 
determining the verge of instability or conditions for 
appearance of resonance in structures supporting massive 
traffic is essential; as such instances may result in irrevers-
ible dangerous situations. 

The research on this subject, neglected inertia terms 
of the vehicle and considered it as a moving load [1–8]. In 
many of these cases, vehicle transition recurrence equal to 
the beam natural frequencies are presented as trigger to 
resonance. In some other investigations researchers con-
sidered only the linear inertia term of the moving mass 
[9–11]. Only a restricted number of them included all 

components of moving mass acceleration in their analysis 
[12–14]. 

Homotopy methods are among those which have 
been recently employed to analyze vibrating systems. The 
extensive works based on homotopy method can be cat-
egorized in two groups. The first belongs to the class of 
convergence techniques for enhancing solutions accuracy 
which is irrelevant here. The second part focuses on the 
potential of homotopy methods to solve diverse differen-
tial equations. Some of those works which lean on this 
method for solving dynamic systems are enumerated in 
references [15–24].

Although there has been a general trend to employ 
homotopy method in studying and analyzing system’s 
dynamics, nonetheless to the best of knowledge, dynamic 
stability investigation of a nonlinear time varying system 
via this approach has not been done yet.

In this paper, for the first time the dynamic behavior 
of the beam-moving mass system considering all com-
ponents of the moving mass acceleration as well as the 
friction between the beam and moving mass, as a non-
linear time variant system, is investigated via homotopy 
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perturbation method. Results show the performance 
of this semi-analytical method to predict the limits of 
instability and resonance. A comparison of the results is 
performed with numerical solutions, to verify the method 
accuracy.

2. Dynamic Modelling of the 
System
Figure 1 shows a simply supported uniform Euler-
Bernoulli beam with mass per unit length m, length l 
and bending stiffness EI which is under the influence of a 
moving mass M with velocity v.

The friction coefficient between the moving mass and 
the beam surface is considered equal to the value m.

It is assumed that the moving mass always keeps its 
contact with the beam. The friction force is assumed to 
be evaluated at every instant by F Nf = m , where, N is the 
vertical surface reaction at the contact point. This force 
can be calculated by considering all acceleration compo-
nents of the moving mass as follows:
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where, g is the gravity intensity and  is the delta Dirac 
function.

The friction force between the moving mass and the 
beam produces a variable internal axial force in the beam 
and reaction forces p1, p2 at the supports that depending 
on the direction of motion may be of tensile or compres-
sive nature, as shown in Figure 2.

The static indeterminacy of the problem can be solved 
by solid mechanics methods, resulting to the following 
evaluation for the supports axial reactions,
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By adopting the Hamiltonian approach, the partial differ-
ential equation governing the beam vibrations under the 
influence of the moving mass is obtained as follows,
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where in this relation, P is the axial internal force induced 
into the beam by the friction force due to the vehicle pas-
sage.

3.  Decoupling Governing 
Equations
Based on the Galerkin method, the deflection of the beam 
in Figure 1 is considered as follows,
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where j k x( ) is the k-th shape function and q tk ( ) is the 
corresponding modal coordinate for this function. n is 
the number of shape functions considered. After substi-
tution, the partial differential equation can be converted 
to a set of ordinary differential equations on the modal 
coordinates,
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where, q is the modal coordinates vector and components 
of the coefficient matrices T(t), Y(t), Λ( )t  and vectors 
Ω( , , )t q q  and f(t) are determined as follows,
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Figure 2.  Axial force diagram applied on the beam.

Figure 1.  The beam under the effect of a moving mass.
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j p( ) / sin( / )x l x l= 2 , the equation governing the corresponding 
modal coordinate becomes,
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where, w1 is the first natural frequency of the beam and  
w1, the non-dimensional parameters α and g , and the 
coefficients c c c1 2 3, ,  are defined as follows,
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As it can be seen, Eq. (8) is a nonlinear time varying 
equation which can be solved for any prescribed initial 
conditions and vehicles parameters like mass and speed. 
Then by substitution modal coordinate in Eq. (5), the 
beam response to the moving mass can be calculated at 
arbitrary locations.

Upon exiting the beam span, the moving mass will no 
more influence the beam and time-varying coefficients of 
governing Eq. (8) will vanish, eliminating the conditions 
for vibrations amplification. If this motion is subsequently 
followed by the passage of other vehicles for a sufficient 
lapse of time, the excitation may lead to instability issues. 

In order to investigate such conditions, throughout this  
article it is considered that another similar vehicle enters  
the beam following the exiting of the precedent. Conse
quently, the coefficients of Eq. (8) becomes periodical with 
period T l vp = / , about which a Fourier expansion of the 
coefficients can be performed,
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4.  Stability Analysis by Using 
Homotopy Perturbation Method

4.1 Homotopy Perturbation Method 
Structure
The homotopy perturbation method is considered as a 
perturbation approach to obtain a semi-analytical solution 
for differential equations by transforming the problem to 
a set of elementary problems. The most basic character-
istic of this method in comparison to other perturbation 
methods consists on not relying on a small parameter 
existing in the equation and thus this characteristic per-
mits to solve a more vast range of equations without such 
restriction.

In order to perform stability analysis for the consid-
ered problem, the homotopy perturbation method for 
solving differential equations presented in [24] is used. 

A brief description of how the method applies on dif-
ferential equation (10) is presented here. Let us rearrange 
the equation in the following form.

	    q R q q q t q q+ = = =( , , , ) , ( ) , ( ) ,0 0 0 0 0 � (11)

where, R is a general nonlinear differential operator which 
easily matched with Eq. (10). In the next step, the original 
equation is rewritten as

	   q q q R q q q t+ = −1. ( , , , ), � (12)

this is transformed to the requested homotopy form,

	   q q p q R q q q t+ = −1. .( ( , , , )), � (13)
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where, p ∈[ , ]0 1  is the embedding parameter. For p = 0, 
Eq. (13) reduces to a linear differential equation and the 
main Eq. (11) is reconstituted for p = 1. 

Let us substitute the solution q and the coefficient 
1 multiplying q in the Eq. (13) by indeterminate power 
series of p,

	
q p Ai

i
i

n

=
=
∑ ,

0 �
(14)

	
1 2

1

= −
=
∑w lpi

i
i

n

�
(15)

where, in these relations Ai is the solution of the i-th order 
homotopy equation, w is the response frequency and l i is 
the i-th coefficient of the expansion. By back substituting 
the expressions (14) and (15) into the homotopy equa-
tion (13), then identifying coefficients of the equal powers 
results in a set of linear differential equations which have 
to be solved consecutively. In this trend, secular terms are 
extracted from the equations and eliminated by setting 
appropriate values for the coefficients l i. Each function 
Ai is determined separately and it is replaced in the next 
equation. Upon substituting these results into (14) and 
(15), it suffices to replace p = 1 to obtain the expanded 
series solution to the main equation (11) and the vibra-
tion frequency.

4.2  Stability Analysis via Homotopy 
Solution 
Based on the aforementioned homotopy perturbation 
method, the homotopy transformation on Eq. (10) leads 
to following form,
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Substituting expansions (14) and (15) instead for q and 1 
in Eq. (16), resulting to

( ...) ( ...)

( ...)
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Considering quiescent conditions for the beam prior to 
the vehicle passage, homotopy equations of order p0 and  
p1 in (17) together with initial conditions are determined 
as follows,
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Solutions to these equations are obtained as follows,
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In order to evaluate w, the p2-order equation extracted 
from Eq. (17) has to be considered,
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Upon substituting (20) and (21) into (22), a secular term 
appears which has to be cancelled by equating its coeffi-
cient to zero. This leads to the following equation,

	 1 1 01 1
2 2 2+ − − + =l w g w( ) ,α α � (23)

and consequently resulting in the following value for l1 ,
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From substituting (24) into (15) and considering p = 1 in 
the result, w is obtained as follows,
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Upon eliminating the secular term in Eq. (22), the 
solution for A2 is obtained,
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which, the coefficients are introduced in the Appendix A. 
In case that the expression under the square root in 

Eq. (25) becomes negative, terms like sinhwt and coshwt 
appear in the solution leading to instability in the solu-
tion. Thus circumstances leading to this condition can 
be presented as instability criterion. Hence the bound-
ary curve separating regions of stability and instability in 
α − g  plane is indeed the locus of points where w = 0,
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To continue the discussions on the stability analysis, 
the p3-order homotopy equation from (17) has to be  
considered,
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By substituting A0, A1, A2 respectively from (20), (21) and 
(26) into (28), the coefficient of the secular term has to be 
cancelled which results in the following equation for l2
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By back inserting the quantities for l1 and l2 respectively 
from (24) and (29) into (15), with inserting p = 1 in the 
result, the value for vibration frequency w can be calcu-
lated as follows,
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In the realistic interval of parameters 0 1< <α  and 
0 4< <g , the conditions for negative value under the 
square root of expression (30) can lead to instability 
conditions. Therefore, the boundary between stability 
and instability regions, the locus of points where w = 0 is 
obtained as follows,
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(31)

where, the influence of the friction coefficient is evident 
on the stability boundary relation. This influence is clearly 
depended on the value of 8 32

1
2α g l/ p w .

The stability boundaries obtained up to the p2- 
order and p3-order, Eqs. (27) and (31) respectively, 
are compared in Figure 3 with quantities m = 0 0 5 1, . ,  
for the friction coefficient and the parameters 
EI N m l m m kg m= = =500000 20 102. , , /  for the beam,

Note that due to the small value of  8 32
1
2α g l/ p w  for the 

current problem, increasing the friction coefficient doesn’t 
much influence the boundary curve and results obtained 
from different expansion orders are very close. To confirm  
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these results, the time responses at the midpoint of 
the beam span have been obtained under the effect 
of moving masses with characteristics ( . , )α = =0 3 1g  
and ( . , . )α = =0 3 2 5g  located in the stable and unstable 
zone respectively with friction coefficient m = 0 5. . These 
responses are shown in Figure 4 and 5.

As it can be seen, these numerical simulation results 
confirm the presented stability analysis. 

5.  Resonance Conditions
After providing the necessary conditions for eliminating 
the secular terms in (28) and (22), the analysis can be fur-

ther continued to determine the conditions of resonance 
in the stable region. Such conditions can be identified by 
analyzing when the harmonic forcing functions present 
in the right side of the equations beat with a rhythm equal 
to the natural frequencies of the equations. 

These resonant frequencies are given by

	 w w= =2 1 2 31n n, , , ,... � (33)

Substituting the resulted term for w from (30) into (33), 
based on the p3-order homotopy expansion, the locus of 
points in the α − g  plane where resonance is expected, is 
obtained in the following term
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The locus of points in the α − g  plane indicated by Eq. (34) 
for n = 1 2 3, ,  and m = 0 0 5 1, . ,  is shown in Figure 6.

Similar to the boundary curves of stability for the 
current problem, increasing the friction coefficient has a 
little effect on the curves. In order to evaluate the accu-
racy of the analysis, the beam midpoint deflection is again 
numerically obtained corresponding to two sets of α and 
g g, α( . , . )= =0 4 0 21419  and (α = =0 4 0 26419. , .g ). The 
first one is located on the evaluated resonance curve n = 2 
with, m = 0 5.  while the second one is in its vicinity. These 
numerical simulations are shown respectively in Figures 7  
and 8.

Figure 3.  Stability boundary for 0=m  (dashed line), 
5.0=m  (dotted-dashed line), 1=m  (dotted line) and the 

same curve obtained to 2p -order (solid line).

Figure 5.  Response to moving mass with characteristics 
5.2=g , α = 0 3.  and 5.0=m  lying in the unstable zone.

Figure 4.  Response to moving mass with characteristics 
1=g , α = 0 3.  and 5.0=m  lying in the stable zone.
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As expected, because of the approximated nature of the 
results obtained by p3–order expansion, the system’s behav- 
ior corresponding to the point set on the resonant curve pres-
ents beating which shows the vicinity of this point to the real 
resonance condition. The set of stability boundary and reso-
nance curves are shown in Figure 9 for the value m = 0 5. .

6.  Investigation of the Effect of 
Friction on the Beam’s Dynamic 
Response
Figure 10 shows time responses at the beam midpoint 
for two cases m = 0 and m = 1 under the effect of moving 

masses with characteristics (α = =0 25 1. ,g ). Results show 
that friction in the current system has negligible effect on 
the dynamic response.

7.  Conclusions
A new analysis on the dynamics and stability of beam-
moving mass system was performed considering all the 
inertia terms of the moving mass as well as the friction 
between the beam and the moving mass. Results show that 
the dynamic model equation of this system is indeed non-
linear time varying. The dynamic stability of this system 

Figure 6.  Locus of resonant conditions for 3,2,1=n  and 
0=m  (solid line), 5.0=m  (dashed line), 1=m  (dotted line), 

up to 3p order.

Figure 7.  Response to moving mass with characteristics
21419.0=g , α = 0 4. , 5.0=m  lying on the 2=n  resonance 

curve.

Figure 9.  Whole set of stability boundary and resonance 
curves obtained to the 3p -order considering friction 
coefficient 5.0=m .

Figure 8.  Response to moving mass with characteristics 
26419.0=g , α = 0 4. , 5.0=m  lying in the vicinity of the 

point selected in Figure 7.
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was investigated by the homotopy perturbation method 
permitting to split the mass-speed parameter plane in 
stable and unstable regions and determine the border line 
semi-analytically. The finding of the analysis is completed 
by specifying the locus of resonant points in the paramet-
ric plane. Furthermore, it was shown that friction between 
the moving mass and beam affects the stability margins 
and resonance curves through the term of 8 32

1
2a p wg l/ .
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Appendix A: Coefficients of the Solution A2 presented in (26)
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