Indian Journal of Science and Technolog

Fuzzy Soft BF-algebras

A.R.Hadipour™ and A.Borumand Saeid?

'Dept of Math., Rafsanjan Branch, Islamic Azad University,

Rafsanjan, Iran, ali.reza.hadipour@gmail.com

’Department of Math, Shahid Bahonar University of Kerman,

Kerman, Iran, arsham@uk.ac.ir

Abstract

In this paper, the notion of fuzzy soft BF-algebra is given and the level subset, union and intersection of them were
studied. Finally, fuzzy soft image and fuzzy soft inverse image of fuzzy soft BF-algebra are discussed.
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1. Introduction

To solve complicated problems in Economics,
Engineering, Environment, Sociology, Medical Science
and many other fields, we cannot successfully use clas-
sical methods, because the uncertainties appearing in
these domains may be of various types. There are four
theories: Theory of Probability, Fuzzy Set Theory (FST),
Interval Mathematics and Rough Set Theory (RST),
which we can consider as mathematical tools for dealing
with imperfect knowledge. All these tools require the
pre-specification of some parameter to start with, e.g.
probability density function in probability, membership
function in FST and equivalence relation in RST. Such
a requirement, seen in the backdrop of imperfect or
incomplete knowledge, raises many problems. Noting
problems in parameter specification Molodtsov [5]
introduced the notion of soft set to deal with problems
of incomplete information. Soft Set Theory (SST) does
not require the specification of a parameter. This makes
SST a natural mathematical formalism for approximate
reasoning. Later other authors like Maji et al. [2—4] have
further studied the theory of soft sets and used this the-
ory to solve some decision making problems. In 2001,
Maji et al. [2—4] introduced the concept of fuzzy soft set,
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a more generalized concept, which is a combination of
fuzzy set and soft set and studied its properties.

Y. Imai and K. Iseki [1] introduced two classes of
abstract algebras: BCK-algebras and BCl-algebras. It is
known that the class of BCK-algebras is a proper sub-
class of the class of BCl-algebras. In [6], J. Neggers and
H. S. Kim introduced the notion of B-algebras, which
is a generalization of BCK-algebra. Recently, Andrzej
Walendziak defined a BF-algebra [7].

In this paper, we define the fuzzy soft sub algebra of
BF-algebra and then we discuss the union, intersection
of them.

2. Preliminaries

In this section, we cite the fundamental definitions that
will be used in the sequel:

DerinviTION 1.1, [7] Let X be a non-empty set with a
binary operation * and a constant 0. Then (X, *, 0) is
called a BF-algebra if satisfies the following axioms:

(BF1) x*x =0,
(BF2) x*0=x,
(BE3) 0*(x*y) = (y*x),

forall x,y e X.
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ExampLe 1.2. [7] (A) Let R be the set of real numbers
and A=(R;*,0) be the algebra with the operation *
defined by

x ify=0,
x*y=4qy if x=0,
0 otherwise

Then A is a BF-algebra.

(B) Let A=[0;0) . Define the binary operation * on A as
follows: X*y =|x—y/|, for all x,y € A. Then (A;*,0) is
a BF-algebra.

ProrosiTion 1.3. [7] Let X be a BF-algebra. Then for
any x and y in X, the following hold:

(A)0*(0*x)=x forall xe A;
(B)If0*x=0*y, then x =y for any X,y € A,
(C)If x*y=0, then y*x =0 for any X,y € A.

DEerFINITION 1.4. [7] A non-empty subset S of a BF-algebra
X is called a subalgebra of X if x*y € S forany X,y € S

DEerFINITION 1.5. A mapping g: X —Y of BF-algebras
is called a BF-homomorphism if g(x*y) = g(x)* 9(¥)
, forall X,y e X.

Let X be a set. A fuzzy set A in X is characterized by
a membership function t, : X —[0,1]. Let f be a map-
ping from the set X to the set Y and let B be a fuzzy set
in Y with membership function p.

The inverse image of B, denoted by f*(B), is the
fuzzy set in X with membership function ., , defined
by ‘uf,l(B)(X) = U (f(x)) forall xe X.

Conversely, let A be a fuzzy set in X with member-
ship function , Then the image of A, denoted by f(A),
is the fuzzy set in Y such that:

sup w,(2) if £(y)={x: f(x)=y}# O

zef7(y)
0 otherwise

“(B)

:uf(A)(y):

DerFiNiTION 1.6. Let f be a fuzzy set of X. Then fis called
a fuzzy subalgebra of X if it satisfies

(FS) f (x*y)=min{f(x), f(y)}, whenever X,y € X.

Molodtsov [5] defined the soft set in the following way:
Let U be an initial universe set and E be a set of param-
eters. Let P(U) denotes the power set of U and AC E.

DeriNiTION 1.7. A pair (F, A) is called a soft set over U
where U is a mapping given by F: A— P(U).
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That is, a soft set over U is a parameterized family of
subsets of the universe U. For x € A, F(x) may be con-
sidered as the set of X-elements of the soft set (F, A), or as
the set of x-approximate elements of the soft set. Clearly,
a soft set is not a set. For illustration, Molodtsov consid-
ered several examples in [5].

DeriNviTION 1.8. [7] Let U be an initial universe set
and E be a set of parameters. Let F(U) denote the
set of all fuzzy sets in U. Then (F, A) is called a fuzzy
soft set over U where Ac E and F is a mapping
given by

F:A->PU).

In general, for every x € A, F[x] is a fuzzy set in U and
it is called fuzzy value set of parameter X. If for every
x € A, F[x] is a crisp subset of U, then (F, A) is degen-
erated to be the standard soft set. Thus, from the above
definition, it is clear that fuzzy soft sets are a generaliza-
tion of standard soft sets.

DeriNiTiON 1.9. [3] Let (F, A) and (G, B) be two fuzzy
soft sets over a common universe U. The union of
(F,A) and (G,B) is defined to be the fuzzy soft set
(H,C) satisfying the following conditions:
(i) C=AuUB,
(i1) foralleeC,
Fle] if e A\B,
Gle] if eeB\A,
Fle]u Gle] if ee AnB.

He]=

In this case, we write (F,A) U(G,B)=(H,C).

DerNniTioN 1.10. [3] If (F,A) and (G,B) are two
fuzzy soft sets over a common universe U, then
‘(F,A) AND (G,B)’ denoted by (F,A)A(G,B)
is defined by (F,A) A(G,B)=(H,AxB) where
H[x, y]=F[x]"G[y] for all (x,y) € AxB.

Throughout this subsection U refers to an initial
universe, E is a set of parameters; S and T are two
BF-algebras.

DEFINITION 2.15. [2-4] Let P(S) be the power set of S, a
pair (F,A) is called a soft set over S where F is a map-
ping given by

F:A—P(S)

DerFiNiTION 2.16 [4]. Let (F, A) be a soft set over S,
(F, A) is said to be a soft sub-algebra over S if and only
if F(x) is a sub algebra of S for all X € A.
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DEFINITION 2.18 [4]. A pair (A, X) is called a fuzzy soft
set over S, where A: — P(S) is a mapping, P(S) being
the set of all fuzzy sets of S.
DerFmNiTION 2.19 [4]. Let (A, X) and (A, Q) be two fuzzy
soft sets over S, (A,X) is called a fuzzy soft subset of
(A,Q), denoted by (A, X) £ (A,Q), if

(1) < Q, (ii) for each e € X, A(€) < A(e).
DeriNiTION 2.20 [4]. Let (A,X) and (A,Q) be two
fuzzy soft sets over S with X(1Q# . The intersec-
tion of them, denoted by (A,X) A (A,Q)=(0,Z5), is a
fuzzy soft set over S, where ZE=X(1Q, and for each
eek, O(e)=A(e) AA(g). Where A(e) AA(g) means
the intersection of fuzzy subsets A(€) and A(g).
DEerNITION 2.21 [4]. The union of two fuzzy soft sets (A, X)
and (A, Q) over S, denoted by (A, X) ¥ (A, Q) =(0,Z5), is

a fuzzy soft set over S, where Z=XJQ, and for each
ek,

Ae), If eeX-Q,
O(e) = Ae), if €eQ-3%,
A()vA(e), If eeXZNQ

Where A(g) v A(€) means the union of fuzzy subsets
A(€) and A(e).

DEFINITION 2.22 [4]. Let U be a universe and E a set of
parameters. The collection of all fuzzy soft sets over U
with parameters from E, is called a fuzzy soft class and
denoted as

U,E)

DEerFINITION 2.23. [4] Let (X, E) and m be classes
of fuzzy soft sets over X and Y with parameters from
E and E’, respectively. Let u: X ->Y andp:E—E’
be two mappings. For a fuzzy soft set (A,X) in (X,TEJ),
where £ ¢ E, the image of (A, X) under the fuzzy soft
function f =(u,p), denoted by f(A,Z), is the fuzzy
soft set over Y defined by f(A,X)=(u(A),p(Z)).
where

u(A)(B)(y)=

{ VoV A@)X), ifut(y) =@
xeu™ (y) aep™ (B)NE ,VBepX),VyeY.
0, otherwise

DEFINITION 2.24 [4]. Let (LTE) and W be classes
of fuzzy soft sets over X and Y with parameters from
E and E’, respectively. Let u: X —»Y and p:E > E’
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be two mappings, (A,Q) be a fuzzy soft set in (7,\E’/),
where Q c E’. The inverse image of (A,Q) under the
fuzzy soft function f =(u,p), denoted by f™(A,Q),
is the fuzzy soft set over X defined by f™(A,Q)=
(u™(A), pH(Q)), where

U (A)(@)(X) = A(p(@)(u(x)), Veaep™(Q) VxeX.

3. Fuzzy Soft BF-algehra

In what follows, let X be a BF-algebra and E be a set of
parameters unless otherwise specified.

DeriniTION 3.1. Let (F, A) be a fuzzy soft set over X,
where A is a subset of E. If there exists U € A such that
F[u] is fuzzy sub algebra in X, we say that (F,A) is a
fuzzy soft sub algebra based on a parameter u over X. If
(F,A) is a fuzzy soft sub algebra based on a parameter
u over X for all u e A, we say that (F, A) is a fuzzy soft
sub algebra over X.

ExampLE 3.2. Suppose that U ={0,1,2} be a BF-algebra
with the Cayley table which is given in the fol-
lowing table. Here U represent a set of houses and
E ={verycostly, costly, cheap,beautiful} is a parameters
space and A ={verycostly,costly,cheap}.

*

N = oo

1 2
0 1 2
1 0 0
2 0 0

(1) Let (F,A) be a fuzzy soft set over U. Then
F[verycostly],F[costly], F[cheap] are fuzzy sets defined
as follows:

* 01112
Verycostly [0.9]0.8[0.3
costly 070504
cheap 0.80.6 (0.1

Then (F, A) is fuzzy soft sub algebra over U.

(2) Let (G,A) be a fuzzy soft set over U. Then
F[verycostly], F[costly], F[cheap] are fuzzy sets defined
as follows:

* 0| 1]2
Verycostly | 0.6]0.5(0.4
costly 0.5(0.7(0.2
cheap 0.7105(0.6
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Then (G, A) is not a fuzzy soft sub algebra over U,
since (G, A) is not a fuzzy soft sub algebra based on a
parameter “costly” over U. That is,

DeriNniTION 3.3. Let (F, A) be a fuzzy soft set over X,
where A is a subset of E. If there exists U € A such that
(F,A) is a fuzzy ideal in X, we say that (F, A) is a fuzzy
soft ideal based on a parameter u over X. If (F,A) is a
fuzzy soft ideal based on a parameter u over X for all
u e A, we say that (F, A) is a fuzzy soft ideal over X.

ExampLE 3.4. Suppose that U ={0,1,2} be a BF-algebra
with the Cayley table which is given in the following
table. Here U represent a set of houses and E ={small,
medium, big} is a parameters space and A={small, big}

*

0
0
1
2

o o |[—= |—
o O I N

0
1
2

Let (F,A) be a fuzzy soft set over U. Then F[small],
F[big] are fuzzy sets defined as follows:

* 0]1]2
small {0.9]0.3|0.3

big [0.7]0.5/05

Then it is easy to check (F, A) is a fuzzy soft ideal over U.

Prorosition 3.5. Every fuzzy soft ideal over X is fuzzy
soft sub algebra over X.

However, the following example shows that the con-
verse of proposition 3.5 is not true.

ExampLE 3.6. From Example 3.2(1), (F, A) is not a fuzzy
soft ideal over U. Since, for F[costly} is not a fuzzy soft
sub algebra, we have

F[costly](2) 2 min(F[costly](2*1), F[costly](1))

Tueorem 3.7. Let (F, A) be fuzzy soft sub algebra over
X. If B is a subset of A, then (F |5, B) is fuzzy soft sub
algebra over X.

The following example shows that there exists a
fuzzy soft set (F, A) over X such that

(1) (F, A)isnot a fuzzy soft sub algebra over X.
(ii) there exists a subset B of A such that (F |5, B) is
a fuzzy soft sub algebra over X.

ExampLE 3.8. Let X be a BF-algebra as in Example 3.4.
Consider a set of parameters A:={small,medium,big}.
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Let (F, A) be a fuzzy soft set over U. Then F[small],
F[medium], F[big] are fuzzy sets defined as follows:

* 0 1 2
small 0.6 0.5 0.5
Medium 0.5 0.7 0.2
big 0.7 0.6 0.6

Then it is easy to check that (F, A) is not a fuzzy soft
ideal over U, since F[medium] is not fuzzy soft ideal
over U. But if we take B:={mall, big} }, then (F |5,B) is
a fuzzy soft ideal over U.

DeriniTion 3.9, Let (F, A) and (G, B) be two
fuzzy soft sets over a common universe U. The
extended intersection of (F, A) and (G, B) is defined
to be the fuzzy soft set (H, C) satisfying the following
conditions:

(i) C=AUB,
(i1) foralleeC,
Fle] if e A\B,
Hle]=1 G|e] if ee B\A,

Fle]n G[e] if ee AnB.

In this case, we write (F.A)n.(G,B)=(H,C) )

DeriniTioN 3.10. Let (F, A) and (G, B) be two fuzzy
soft sets over a common universe U such that
AN B=#J. The restricted intersection of (F, A) and
(G, B) is denoted by (F,A)n ,(G,B) and is defined as
(F,A)n ,(G,B)=(H,C), the fuzzy soft set (H, C) satis-
fying the following conditions:

(i) C=ANB,
(ii) for all ee C,H[e]=F[e]nG[e]

TraeoreMm 3.11. If (F, A) and (G, B) are fuzzy soft sub
algebra over X, then the extended intersection of (F, A)
and (G, B) is a fuzzy soft ideal over X.

The following two corollaries are straightforward
result of Theorem 3.11.

CoroLrary 3.12. If (F, A) and (G, B) are fuzzy
soft sub algebra over X, then the extended inter-
section of (F,A)n (G, B) is a fuzzy soft sub algebra
over X.

CoroLLARY 3.13. The restricted intersection of two
fuzzy soft sub algebra is fuzzy soft sub algebra.
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Theorem 3.14. If (F, A) and (G, B) are fuzzy soft
sub algebra over X. If An B =, then the union of (F,
A) and (G, B) is a fuzzy soft sub algebra over X.

The following example shows that Theorem 3.14 is
not valid if AMB =(.

ExampLe 3.15. Suppose that U={0,1,2,3} be a
BF-algebra with the Cayley table which is given in
the following table. Here U represents a set of houses
and E ={small,medium,big} is a parameters space.

A={small,big} and B={medium,big}. Clearly
ANB=#¢.

* 0 1 2 3

0 0 1 2 3

1 1 0 3 2

2 2 3 0 1

3 3 2 1 0

Let(F,A)beafuzzy softsetover U. Then F[small], F[big]
are fuzzy sets defined as follows:

* 0 1 2 3
small | 0.6 0.5 0.3 0.3
big 0.8 0.5 0.8 0.5

Let (G, A) be a fuzzy soft set over U. Then
G[medium],G[big] are fuzzy sets defined as follows:

* 0 1 2 3

medium | 0.6 0.2 0.1 0.1

big 0.6 0.6 0.3 0.3

Then it is easy to check (F, A) and (G, A) are fuzzy soft

sub algebras over U. But the union (F, A) U (G, B) is not

fuzzy soft ideals over U. Since 3=1*2, we have
F[big]u G[big](1*2) = F[big]w G[big](3) =
max{F[big](3),G[big](3)}=0.5

On the other hand, we have
min{F[big]u G[big](1), F[big]w G[big](2)}=
min{max{F[big](2), G[big](1)}
max{F[big](2),G[big](2)}}=0.6

Tueorem 3.16. If (F, A) and (G, B) are fuzzy soft sub

algebra over X, then (F, A) A (G, B) is a fuzzy soft sub
algebra over X.
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Proor. By Definition 2.12, we know that (F, A) A (G, B)
=(H,AxB) where HJ[u,v]=F[ulnG[v] for all
(u,v) e Ax B. Forany X,y € X, we have

H[u,v](x*y) = (Fluln GV])(x*y) = min{F[u](x*y),
Glu](x* y) = min{(F[u] ~ G[u])(x),
(FlulnGLuD(y)}

Tueorem 3.17. Let (F, A) be a fuzzy soft sub
algebra over X and {(H,,K;):i€l} be a family of
fuzzy soft sub algebra of (F, A), where I is an index
set. Then

() IfKinK; =, foralli, jel, then U(H;,K;) is
a fuzzy soft ideal of (F, A),
(i) A(H;, K,) is a fuzzy soft ideal of (F, A),
(iii) v(H,,K,) fuzzy soft ideal of (F, A).

DeriniTioN 3.18. For two fuzzy soft sets (F, A) and
(G, B) over U, we say that (F, A), is a fuzzy soft subset
of (G, B), if

(i) AcB,
(ii) For all ee A, Fle]c G[e], and is written as
(F,.A)c(G,B)

Taeorem 3.19. Let (F, A) and (G, B) are
fuzzy soft sets over X and (F,A)c(G,B) with
Flul(x) <Gu](x). If (G, B) is a fuzzy soft sub
algebra over X, then G[u](0)=F[u](x) and
Glul(x*y) = min{F[u](x), F[ul(y)}, for all x,ye X
and ueA.

Proor. Let (G, B) be a fuzzy soft sub algebra over X
and (F,A) ¢ (G,B), Forall x,y e X and u € A, we have
G[uJ(x*y) 2 min(G[u](x), G[ul(y)) = min(F[u](x), F[u]
(¥)) by putting x =y, G[u](x*x) = G[u](0) = F[u](x).

In the following example we show that if (F, A) and
(G, B) are fuzzy soft sets over X, (F,A) < (G,B) and
(G, B) is a fuzzy soft sub algebra over X, then (F, A) is
not a fuzzy soft sub algebra over X.

ExampLe 3.20. Suppose that U={0123} pe
BF-algebra of Example 3. with the Cayley table
which is given in the following table. Here U rep-
resent a set of houses and E ={small,medium,big}
is a parameters space. Consider A={small},
B ={small,big}. Clearly Ac B. Let (F, A) be a fuzzy
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soft set over U. Then F[small] is fuzzy sets defined as
follows:

* 0 1 2 3
small 0.6 0.6 0.3 0.3

Let (G, B) be a fuzzy soft set over U. Then
G[small],G[big] are fuzzy sets defined as follows:

* 0 1 2 3
small 0.6 0.5 0.3 0.3
big 0.2 0.5 0.8 0.5

Clearly, F[small]={0.6,0.3} ={0.6,.05,0.3} = G[small]
and it is easy to check (G, B) is a fuzzy soft ideal
over U. But (F, A) is not a fuzzy soft ideal over U.
Since

F[small](2*2) = F[small](0) = 0.2 % 0.8 = F[small](2).

DeriNniTioN 3.21. The complement of a fuzzy soft
set (F, A), is denoted by (F, A)° and is defined by
(F,A)" =(F° —=A), where F°:—=A— P(X) is a map-
ping given by F°[o] = F[—e«], for all oz € —A.

Tueorem 3.22. Every (F, A) is a fuzzy soft ideal over
X if and only if (F, A)® is also a fuzzy soft ideal over
X.

Proor. Let (F, A) be a fuzzy soft ideal over X. For all
X,y € X and u € —A, we have

Feul(x*y) = F[=ul(x*y) 2 min(F[-u](x), F[-ul(y))
= min(F*[u](x), F°[ul(y))

The converse is straightforward.
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4. Conclusion

Fuzzy soft sets are a new mathematical tool to deal with
uncertainties.

In this paper, we applied the theory of fuzzy soft sets
to BF-algebras. We introduced the notions of fuzzy soft
sub algebras and fuzzy soft ideal over BF- algebras and
many related properties were surveyed. In our future,
we will apply intuitionistic fuzzy soft theory to BF-
algebras.
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