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Abstract
In this paper we introduce some new types of stabilizers in BL-algebras and we state and prove some theorems
which determine the relations among stabilizers, MV-algebras and G odel algebras. We define the concept ofZRS-
condition in BL-algebras and we find a relation between this class of BL-algebras and MV-algebras. Finally, we
show that the (semi) normal filters and fantastic filters are equal in BL-algebra.
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Introduction

BL-algebras are the algebraic structures for H ajek's
Basic logic [7], in order to investigate many valued logic
by algebraic means. His motivations for introducing BL-
algebras were of two kinds. The first one was providing
an algebraic counterpart of a propositional logic, called
Basic Logic, which embodies a fragment common to
some of the most important many-valued logics, namely
LukasiewiczLogic, G odelLogic and Product Logic. This
Basic Logic (BL) is proposed as "the most general” many-
valued logic with truth values in [0,1] and BL-algebras are
the corresponding Lindenbaum-Tarski algebras. The
second one was to provide an algebraic mean for the
study of continuous t-norms (or triangular norms) on [0,1].
Most familiar example of a BL-algebra is the unit interval
[0,1] endowed with the structure induced by a continuous
t-norm. In 1958, Chang introduced the concept of an MV-
algebra which is one of the most classes of BL-algebras.
MV-algebra, G"odel algebra and product algebra are the
most known classes of BL- algebras. H"ajekin
[7]introduced the notions of filters and prime filters in BL-
algebra and by using the prime filters of BL-algebras, he
proved the completeness of BL. Filter theory plays an
important role in studying these algebras. From logical
point of view, various filter correspond to various set of
provable formulas. Turunen[12, 13], studied some
properties of filters and prime filters of BL-algebra (He
called them deductive system and prime deductive
system respectively). Now, in this paper we follow [3,
9],and we introduce some new types of stabilizers in BL-
algebras and we state and prove some theorems which
determine the relationship between stabilizers, MV-
algebras and G odelalgebras. We prove that F(L) (the
set of all filters on BL-algebras L ) is a
pseudocomplemented lattice. In the follow, we define the
concept ofZRS-condition in BL-algebras and we show
that, this class of BL-algebras are exactly MV-algebras
and by using this condition we prove that the (semi)
normal filters are exactly fantastic filters. Finally we
answer to open problems that have been appeared in [3].
Preliminaries
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Definition 2.1: [7] A BL-algebra is an algebra (L,A, Vv, O,
—, 0,1) with four binary operations A,v, © , = and two
constant 0,1 such that

(BL1)(L,A, V,0,1) is a bounded lattice,

(BL2) (L, ©, 1) is a commutative monoid,

(BL3) c<a—b bifandonlyifa®c <b, foralla,b,c € L,
(BL4) arb = a® (a—b),

(BL5) (a—b)v(b—a)= 1.

A BL- algebralLis called a G odelalgebra, ifa? =a ® a =
a , for all a €L and BL-algebra L is called an MV -
algebra, if (a*)*=a or equivalently (a—>b)—>b =
(b—>a)—>a,foralla,b € L, where a* = a— 0.

Lemma 2.2.[4, 5, 7] In each BL-algebra L, the following
relations hold for all a, b, c € L:

(BL6) a®b<a,h, aOb<a Ab,a®0 =0,

(BL7) a<bhimpliesa®c¢<b Oc,

(BL8) a < b ifand only if a—>b=1,
BL9)1l—»>a=a,a—>a=1,a<h—a,a—>1=1,
(BL10)a®a" =0, 10Qa=a, 0—»a=1

(BL11) a® b = Oifand only ifa<b”,

(BL12) a— (b—>c) =(a O b) >c=b—> (a—>c),
(BL13)if a<b thenb— c<a—cand C—>a<c—b,
(BL14) avb =((a—>b)—>b)) A((b—>a) —a)),
(BL15) (@™ —>a)* =0,(a™ —>a)va =1

Definition 2.3.[2, 5, 7, 8, 12] Let Fbe a non-empty subset
of BL- algebra L. Then:

() Fis called afilter ofL, if x,y € Fimplies x©y € Fand
x€F, x<yimplyy € Fforallx,y€ L.

(i) Dis called adeductive system of L, ifl € Dand if x €
Dandx—y € D,theny € D, forall x,y € L.

(iii) Fis called a fantastic filter,if1 € Fand z— (y > x) €
Fand z € Fimply ((x—>y) —>y) —>x € Fforallx,y,z € L.
(iv) A filter Fis called aprime filter, if x. y € F impliesx €
Fory e F,forallx,y € L.

(v) A filterF is called anormal filter, if (y >x) —>x €

Fthen (x—>y) > yeF  forallx,y € L.
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Definition 2.4.[6]Let L be a BL-algebra and X c L. The
filter of L generated by X will be denoted by <X >. We
have that< @ >=1 and if X = @,

<X>={yelL|x, O .. Ox,<y for some n€ Nand

Xp, 0 X, € X 1

Theorem 2.5. [8, 11] Let F be a filter of BL-algebra L.
Then

(i) every filter of L is a fantastic filter if and only if L is an
MV- algebra.

(i) F is a fantastic filter if
((x—>0) >0) >xeFforalxel.
(iii) Let F = G where F be a fantastic filter and G be a
filter. Then G is a fantastic filter.

Theorem 2.6. [7] Let F be a filter of BL-algebra L. Then
the binary relation = on L which is defined by
x=pyifandonlyifx—yeFandy—>x€F

and only if

is a congruence relation on L. Define .,—, u,rloni, the
set of all congruence classes ofL, as follows :
[x].[y] = [xOyl, [x] = [yl = [x—>y],

KIulyl =[xvyl,  [x] Nyl = [xAay]

Then (&, . =, U, m, [0], [1]) is a BL-algebra which is
called quotient BL-algebra with respect to F.

Theorem 2.7.[4,14] Let P be a proper filter of BL-algebra
L. Then P is a prime filter if and only if% is a BL-chain.

Definition 2.8.[1]An element a of lattice L with bottom
element Ois called anatom, if 0<a where x <y means
that x <y and there is noz € L\{0} such thatx <z <y.
An element b of lattice L with top element 1 is called aco-
atom,if b < 1.

Definition 2.9. [1]For lattice L whit 0 and aeL, bel is
called thepseudocomplementedof a, if anb =0 and for
eachc e L, cAa =0implies that c <b . A lattice in which
every element has a pseudocomplemented is called
pseudocomplemented lattice.

Theorem?2.10. [11] Let F be a filter of a BL-algebra L.
Then we have F is a fantastic filter if and only if the
guotient algebra§ is an MV-algebra.

Note.From now on, in this paper we let (L, A, V
,©,—,01) or simply L is a BLlL-algebra, unless
otherwise state.

Stabilizer filters in BL- algebras
In [9], the notion of stabilizer X, for any @ # X € L, have
been defined by {aclL|a—>x=x,vxeX} and

denoted by X . But, in this paper we denoted X by g‘ﬂ
(X) and we define the other notions such as §{, X)
andst  (X).

Definition 3.1.Let® # X € L. Thenleft,
stabilizerofX is defined as follows:

right and product

§E| (X) ={aclL|x—>a=x,Vx € X}
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gﬁ(X) ={ael|a—>x =xVx € X}
St (X) ={ae L |xOa =aOx = x,Vx € X}

Note: Let @ # X < L,Since by (BL10), 10x = xO1 = x,for
allx € X, then1 € St _(X) and so St_(X) # ¢ . Moreover,

since by (BL9),1—>x = x,for all x € X, then 1 €St (X)

andso St (X)#¢.

Example 3.2.[8](i) Let L = {0, a, b,1}be a chain such that
0 <a<b< 1l and operations® and — on L are
defined as follows:

©|0 a b 1 S5 ]0o a b 1
0olo0 0 0 O 0 [1 1 1 1
a | 0 O O a a b 1 1 1
b |0 0 a b b |a b 1 1
110 a b 1 1 0 a b 1

Then (L, A, V,©0, —,0,1) is a BL-algebra and

Str({a}) = {1}, St ({a}) = 0, St (b)) = {1}
(ii) LetL = {0,a,b,c,1}, and operations A, V,© and —
on L are defined as follows :

“BL-algebra”
http://www.indjst.org

v|0 ¢ a b 1 AlOoO ¢ a b 1
0|0 ¢ a b 1 0 O 0 ¢ O O
c c ¢ a b 1 c 0O ¢ ¢ ¢ c
ala a a 1 1 a O ¢ a ¢ a
b|b b 1 b 1 b O ¢ ¢ b b
1171 1 1 1 1 1 O ¢ a b 1
—>5 |10 ¢ a b 1 ©|0 ¢ a b 1
0 1 1 1 1 1 0|0 O ¢ O O
c 0O 1 1 1 1 c 0O ¢ ¢ ¢ c
a O »p 1 b 1 a |0 ¢ a ¢ a
b O a a 1 1 b O ¢ ¢ b b
1 O ¢ a b 1 110 ¢ a b 1
Then (L ,AV,0,—,01)is a BL-algebra and
St ({a}) ={1,b}, St ({1}) = {1}, St o{b}) = {1, b}

Proposition3.3.Let @ = X,Y C L. Hence
@) if §f.(X):{1}, then X = {1}. Also, if 1€ X, then
Sti(X) ={1,

(i) Str ({1}) = St (oD = L,
(i) if St (X) = L, thenX = {0},

(iv) ifx € v, then St, (¥) < St. (X) and St_(¥) =St_(X),

(V) St. x)u St. ) c St. (Xnr)andst _(X) Ust _(Y) <
St (XﬂY)

(vi) Str (XUY) c St (X)N St (¥)and St
St (X)NSt (Y),

(vii) ifF is afilter of L, then St _(F) = {1} and §{, (F) cF.

o XUY)
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Proof.(i) Let Sti (X) ={1}. Then by (BL9), x =1 —>x =
1, for all xeX and so X = {1}. Now, let 1€ X.Then by
(BL9), for any ae Sty (X), a=1—>a=1and so St
® ={

(i) By (BL6), Str ({1}) ={acl]l—>a=1} =L and by
(BL6), St ({0}) ={a€ L] a®0 =0} = L.

(iii) Let St [(X) = L. Since 0€ L, then 0 St _(X) and so for
allxe X, xO0 =00x = x. Now, by (BL6), xO0 =00x =
0, for all xe X and so x = 0. Hence, X = {0}.

(iv) LetX c Yand ae St _(Y). Then aOy =y, for allyeY.
Since X <Y, then aOy=y, for all yeX. That is,
ae St (X). Hence, St_(Y) =St _(X). By the similar way,
we can prove the other case.

(v) Since XNY <X ,Y, then by (vi), Sty (X) < Str (XNY)
and St () C St, (XNY). Therefore, St, (X) U St (V)
C St (XNY). By the similar way, St _(X)USt _(¥) <
St (XNY).

(vi) Since X ,Y c XUY, then by (vi), St: (XUY) < St (X),
St, (Y). Hence, St (XUY) C Str (X) N St, (¥). By the
similar way, St_(XUY)c St_(X) NSt (Y).

(vii) Let ae St _(F). Since 1€F, then a®1 =10a =1.
Then by (BL10), a =1 and so St _(F) = {1}.

Now, let x € St| (F). Then for all yeF, y—>x=y€eF.
Since F is afilterandyeF, thenxeF.

Hence, St (F) cF.

Theorem3.4. L is a G'odelalgebra
{x}c= St ({x}), forall xe L.

proof.Lis a G'odelalgebra if and only if xOx = x, for all
x€ L, ifand only if xe St _({x}), forall x€ L.

Theorem 3.5.Let@ = X € L, Then g‘ﬂ (X)and St _(X)are
filters of L.

Proof.Leta, b e gﬂ (L). Then a— x = xandb —x = x, for
all xe X. Hence, by (BL7), (a®©b) > x=a—>(b—>x) =

if and only if

a—x =x, for all xeX and so a®be St (X). Now, let

a<band ae St (X).Then a— x = x, for all x€ X. Hence
, by (BL13),hp > x<a—>x = x. Since by (BL9), x<b—>x,

then b — x = xand so be St (X). Therefore, Str (X) is a
filter ofL. Now, let a, b€ St _(X). Then aOx = xOa = xand
bOx = xOb =x, for all xe X.Since(L, ©) is a monoid,
hence , (aOb) Ox =a®OBHOx) =aOx=x and so
a®be St_(X). Finally, leta<b and a € St _(X).

Note: St; (L) is not a filter of L in general.

Example3.6.Let X = {b}in the Example 3.2(i). Then St
(X) = {a}, which is not a filter of L.
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Theorem 3.7. (i) If a€ L is an atom of L, then St _({a})is a
prime filter.

(ii) If be L is a co-atom ofL, then Str ({b})is a prime filter.

Proof. (i) Let aeL be an atom of L. Hence, a# 0. We
claim that 0¢ St  ({a}). Since if 0e St ({a}), then by
(BL6), 0 = 00a = a®0 = a, which is impossible. Now, let
xvyeSt ({a}) but x¢ St _({a}) and y ¢ St _({a}), by the
contrary. Hence, (xvy)O©Oa=a , but xOa#a and

yOa#a. Now, by (BL6), xOa < aand yOa < a. Since a
is an atom, then xOa = 0 and y©Oa = 0 and so by (BL11),
x<a*and y<a*. Hence,xvy<a*and so by (BL11),
a=(xvy)©a=0, which is a contradiction. Thus,
x€ St ({a}) or yeSt_({a}) and so St _({a}) is a prime
filter of L.

(i) Let be L be a co-atom of L. Hence,b# 1.We claim

that 0 ¢ g‘ﬂ ({b}). Since if O gﬂ {p}), then0—>b = b.
Since 0<b, then 0—>b =1 and so b=1, which is

impossible. Now, let xv ye St, ({b}) but x & St. ({b})

and y ¢ gﬂ ({b}), by the contrary. Then (xvy) —b = b,
but x—>b#b and y—>b#b. So by (BL9), b <x—>b
and b<y—b . Since b is co-atom, then x—>b =

1 and y—>b=1 and so x<b and y<bh . Hence,
xvy<band so (xvy) —>b=0, which is impossible.

Therefore,xe St ({b}) orye St ({b}) and so St ({b})is
a prim filter ofL.

Corollary 3.8.fae L is an atom and be Lis a co-atom,
then and— L are BL-chain.

Str @vh

Proof. By Theorem 2.7 and 3.7, the proof is clear.
Proposition 3.9.[6]Let F(L) be the set of all filters of L.
Then (F(L),A, Vv,{1},L) is a bounded complete lattice,
where for every family {F;}, - ,of filters of L, we have that

Ne Fi=Nig FandV g F, =< U, F;i >

L
StO{a})

Theorem 3.10.Let F be a filter of L. Then gﬂ (F)is a
pseudocomplemented of F.

Proof. First, we prove that FN gﬂ (F)={1} Letxe FN

g‘fr (F).Since xe gﬂ (F), then for any aeF, x—a =a.
Now, Sincex e F, hence for a = x we then x >x = x. But,

by (BL9), x = 1. Hence FN gﬂ (F) = {1}.Now, let G be a
filter of L such that FNG = {1}. Let ae G. Then for any

x€F, sincea, x<avx,xeF,acG,F and Gare filters of
L,thenavxeFandavxeGandsoav xe FNG = {1}.

Hence, avx=1 Now, by (BL14),
((a—=>x) >x)A (x—>a) >a)=1 and SO

(a—>x) >x =1 .Hence, a—>x<x . Since, by (BL9),
x<a—x, thena—x =x and so ae St (F).Thus, G

R.A.Borzooe & A.Paad
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g‘fr (F).Therefore, g‘fr (F) is a pseudocomplemented of
F.

Corollary3.11. (F(L), A v, {1}, L) is a
pseudocomplemented lattice.

Proof. By Theorem 3.10, the proof is clear.

BL-algebras with ZRS-condition
Definition4.1 We say BlL-algebra L satisfyZero Right

Stabilizer condition or brieflyZRS-conditionif g‘fr

({0}) ={1}.
Example 4.2.[10] Let L ={0,a,b,c,d,1}. Then L by the

following diagram is a bounded lattice.

Now, let operations "—", "*" and "O" on L are defined as

follows :

—> 10 a b ¢ d 1

xOy =min{zlx<y—>z}=(x—y)

Then (L, A,Vv,0,—,01) is a BL-algebra.Since g‘fr
({0}) = {1}, then L is a BL-algebra with ZRS-condition.
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Example 4.3.BL-algebrain the Example 3.2 (ii), does not

satisfy in the ZRS-condition. Since St ({0}) ={1,a,b,c}.
Theorem 4.4.Lis an MV-algebraif and only if L satisfies in
the ZRS-condition.

Proof. (=) Let L be an MV-algebra andxe St. ({0}).
Then x—>0=0 and so x=(x*)"=(x—>0) >0=

0—0 = 1. Hence, St ({0}) = {1}.

(<) Let L satisfies in the ZRS-condition. Then g‘fr
({0}) ={1}. Now, let xe L. Then by (BL12)

x—=>x" =x—>((x—>0) -0) = (x—>0) >(x—>0) =1
Since by (BL15), (x** —>x)* = 0, then (x** —>x) —-0=0.
Hence, x™ —>x e g‘fr (o} = {1}.

Therefore,x™ —>x =1 and so x** = x. Thus,Lis an MV-
algebra.

Proposition 4.5.Lsatisfiesin the ZRS-condition if and only
if for any x,ye L,x—>y and y >x € St ({0}), imply x = y.
proof. (=) Let L satisfies in the ZRS-condition, x,y €L
and x—y and y—x € St ({0}). Since St. ({0}) = {1},
thenx—>y=y—>x=1andsox =y.

(<) Let € St, ({0}) . Since by (BL9),x—>1=1¢€ St,
({0 and 1>x=x € g‘fr ({0}), then by hypothesis,

x = 1. Hence, St ({0}) = {1}.

Corollary4.6(i) Lsatisfies in the ZRS-condition if and only
if every filter of L is a fantastic filter.

(ii) Fis a fantastic filterif and only if L;satisfies in the ZRS-
condition.

(iii) If L satisfies in the ZRS-condition, then for any filter of
L,iFsatisfies in the ZRS-condition.

Proof.(i) (=)Let Lsatisfies in the ZRS-condition. Then by
Theorem 4.4, L is an MV-algebra and so by Theorem 2.5
(), every filter of L is a fantastic filter.

(<) Let every filter of L is a fantastic filter. Then by
Theorem 2.5 (i), Lis an MV-algebra and so by Theorem
4.4, L satisfies in the ZRS-condition.

(i)By Theorem 2.10, F be a fantastic filter of L if and only

if% is an MV-algebra.Also, by Theorem 4.4 ,isatisfies in
the ZRS-condition if and only if§ is an MV-algebra.

Therefore, F is a fantastic filterif and only if§ satisfies in

theZRS-condition.
(iii) Let L satisfies in the ZRS-condition and F be a filter of

L. Let x € L such that [x] e St: ({[0]}).Then [x] — [0] =
[0] and so [x—>0] =[0] and this means that (x*)* =
(x—>0) >0¢€ F. Since by Theorem 4.4, L is an MV-
algebra , Then (x*)*=x and so xeF. Now , since
leF,then 1—>xeF and x—> 1< F and this means that

[x] = [1]. Hence, §fr ({[01}) = {[1]}.Therefore, isatisfies

in the ZRS-condition.
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Note: The converse of Corollary 4.6(iii) is not true in
general. Consider following example:

Example 4.7.[8]Let L = {0,a,b,1} be a chain such that
0 <a<b < 1and operation © and — on L are defined
as follows :

S ol®
oo oo|lo
St Q O
P S Q Ok
cooQ ko
Q Q P ke
S N
i e e L

Q2 ool
P o ol

Then (L, A, VO, =, 0,1) is a BL-algebra and it is clear
that F = {b,1}is fantastic filter. Now by Theorem 2.10,§

is MV-algebra (satisfies in the ZRS-condition), but L is not
MV-algebra. Since (b*)* =1. Therefore, L dose note
satisfy in the ZRS-condition.

(Semi) Normal filters and fantastic filters

In this section, we study a new class of filters that called
semi normal filter. This is important for us, because this
class of filters give a connection between normal filters
and fantastic filter. In fact by the above definition, we
solved the following open problems in [2]

Open problem 1. [2]Under what suitable conditions, a
normal filter becomes a fantastic filter?

Open problem 2.[2] Under what suitable conditions,
extension property for normal filter holds?

Definition 5.1.Let F be a nontrivial filter of L. Then F is
called a semi-normal filter of , if for all xe L,

xe Fifand only ifx* e F.

Example 5.2.(i) Let F = {1, a,c} in the Example 4.2. Then
F is a semi-normal filter. Since a™ =a,c™ =c¢ and
1= =1

(i) In any MV-algebra, every filter is a semi-normal filter.
Theorem 5.3.Let F be a normal (fantastic) filter of L. Then
F is a semi-normal filter of L.

Proof. Let F be a normal filter and x€F . Since
(x—>0) ->(x—>0) =1, then by (BL12),
x—> ((x—>0) —0) =1 and this means thatx <x**. Since
F is a filter and xe F, then x™ € F. Now, letx™ e F.
Hence, (x—>0) —0e€ Fand Since F is normal filter then
(0—>x) —>xe<F. But, by (BL10), (0—x) —x = x, hence
x € F. Therefore, Fis a semi-normal filter of L. Now, let F
be a fantastic filter of L, and xe F. Similar to the proof of
above, x** € F. Now, let xeL such that x** € F. By
Theorem 2.5(ii), x™ —>x < F. Since x** e Fand F is a filter
of L, then x€ F. Hence, F is a semi-normal filter of L.
Theorem 5.4.Let F be a semi-normal filter of L. Then§ is
an MV-algebra.

Proof. LetF be a semi-normal filter of L. Since Fis a filter
of L, then iis a BL-algebra. We will show that § satisfies in

the ZRS-condition. Let [x] € §fr ({[01}). Then[x] —[0] =
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[0] and this means that x™ = (x—>0) —-0eF and F is a
semi-normal filter of L, then x € L Hence, x—>1=1€F

and1-—>x=x e F and so [x] = [1]. Thus, St ({[O]}) =
{[1]} and so isatisfies in theZRS-condition.Therefore, by

Theorem 4.4,§is a MV-algebra.

Note.Now, in the following Theorem we answer to the
open problems that been in [2].

Theorem 5.5.Let F be afilter of L. Then F of L is a normal
filter if and only ifF is a fantastic filter.

Proof. (=) Let F be normal filter. Then by Theorem 5.3,

F is a semi-normal filter and so by Theorem 5.4, iis an

MV-algebra. Now, by Theorem 2.10, Fis a fantastic filter.
(<) Let F be a fantastic filter of L. Then by Theorem

2.10, iis an MV-algebra. But, in MV-algebras any filter is
a normal filter and since {[1]} is a filter ofi, then {[1]}is a

normal filter ofi. Now, we show that F is a normal filter of
L. Let (x—>y) —=y) eF, for x,yeL. Then (([x] -
D = D =[] and so ((Ix] = [y — [yDe{[1l}
Since {[1]}is a normal filter, then (([y] = [x]) — [x]) =
[1] . Hence,(y >x) —>x< F and this means that F is a
normal filter.

Corollary 5.6. (Extension property)LetFand G be filter of
L,F c Gand F be a normal filter. Then G is a normal filter

Proof. By Theorems 2.5 (iii) and 5.5, the proof is clear.
Corollary 5.7.Let F be a semi-normal filter of L. Then F is
a normal (fantastic ) filter.

Proof.L.et F be a semi-normal filter of L .Then by

Theorems 5.4, iis a MV-algebra and by Theorem 2.10, F
is a fantastic (normal) filter.

Solutions for two open problems in fantastic filters in BL-
algebras

In [3], the definitions almost top elements and the set
of double complemented elements were studied
byA.BorumandSaeidin (2009). In that paper there were
two open problems for which the answer follows:
Open problem 1. [3] Under which one suitable conditions,
if F is a filter of L such thatF = D(F), then F is a fantastic
filter?
Open problem 2. [3]JUnder which one suitable conditions,
if F is a filter of L such that (&) = {[1]}, then is a fantastic
filter ?
For more details, we review some related definitions and
theorems.
Definition6.1.[3]Let F be a filter of L. Then
(i) the set of double complemented elements, D(F) is
defined by
D(F)y={xelL|xeF}
(i) An element xe L is called an almost top element of L,
if x** =1.
(iif) We define N(L) as follow:
N(L) = {xeL|x is an almost top element of L}

R.A.Borzooe & A.Paad
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={xel|x*=1}= {xelL|x* =0}
Corollary 6.2. D{1}) ={xelL|x*™* =1} and D({1}) =
{x € L | xisanalmosttopelementofL}.

Corollary6.3.We can see N(L)is exactly St ({0}) and
when N(L) = {1}, L satisfies in ZRS-condition and so L is
a MV-algebra if and only if N(L) = {1}.

Theorem 6.4.[3]Let F be a filter ofL. Then

(i) ifF is a fantastic filter of L , then F = D(F) and N(&) =

{[11}

(inF = D(F)if and only if any almost top element of§ is
trivial.

Theorem 6.5.Let F be afilter of L. Then

()If F = D(F), then F is a fantastic filter.

(inIf N(&) = {[1]}, then F is a fantastic filter.
Proof. (i) SinceF = D(F), then by Theorem 6.4 (ii), any
almost top element of§ is trivial. Therefore, N(§)=

{[1] },and so by Corollary 6.3, § is an MV-algebra. Hence,

by Theorem 2.10, F is a fantastic filter.

(i) By (i), the proof is clear.

Conclusion

In this paper we introduced the notion of left, right and
product stabilizers in BL-algebras. By this notion we
define BL-algebras with ZRS-condition such that they are
equal to class MV-algebras and we establish that F is a
normal filter if and only if F is a fantastic filter if and only if
F =D(F). The results of this paper will be devoted to
study the MV-algebra and G'odel algebra which are
different extension of Basic Logic.
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