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Abstract

In this article, Meshless Local Petrov- Galerkin (MLPG) method is used to solve the nonlinear and transient one- dimensional
heat transfer equation of a fin with the power- law temperature- dependent heat transfer coefficient. Moving least square
approximants are used to approximate the unknown function of temperature T(x) with T" (x). These approximants are
constructed by using a linear basis, a weight function and a set of non- constant coefficients. Essential boundary conditions
are enforced by direct method of interpolation and Penalty Method (PM) respectively. Temperature variation along the
fin length over the different time range till the attainment of steady state has been demonstrated for the convective and

insulated tip conditions.
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1. Introduction

Meshless methods, as alternative numerical approaches
to eliminate the well-known drawbacks in the finite ele-
ment and boundary element method, have attracted
much attention in the past decade, due to their flexibility
and potential in negating the need for the human-labor
intensive process of constructing geometric meshes in a
domain. The main objective of the meshless methods is
to get rid of, or at least alleviate the difficulty of, mesh-
ing and remeshing the entire structure; by only adding
or deleting nodes in the entire structure, instead. Various
methods belonging to this family are the smooth par-
ticle hydrodynamics, the diffuse element method, the
reproducing kernel particle method, the method of finite
spheres, the local boundary integral method, the element
free Galerkin method and meshless local Petrov- Galerkin
method (MLPG).

Among all these methods, the MLPG method has
been used successfully to solve variety of solid mechanics,
heat transfer and fluid flow problems.

*Author for correspondence

MLPG method was developed by Atluri and Zhu'2
Unlike FEM and most other meshfree methods, MLPG
method operates on local weak form and performs inte-
gration over overlapping simple local domains. This has
removed the need of mesh at any stage of analysis. Hence,
it is a truly meshfree method. It can be concluded that
MLPG: (a) has a very high rate of convergence, (b) does
not need any post processing technique, and (c) does not
exhibit any volumetric locking. This method works on
Petrov-Galerkin formulation i.e. trial and test functions
are selected from different spaces which provides a large
number of possible combinations to formulate MLPG
method. Authors® have shown different variants of MLPG
method in their work and presented the method as an
able alternative to FEM.

Many researchers have used MLPG method to solve
variety of heat transfer problems, including steady state
and transient linear and nonlinear problems in regular as
well as irregular domains**®.

Fins are extended surfaces which can provide a con-
siderable available area for heat transfer between a solid
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and a fluid. For proper prediction and control of the
fin performance, it is necessary to know the dynamic
response of temperature distribution when an unpredict-
able or expected change occurs. Analytical solution are
particular important and useful for they may be used in
an on line computation. Transient and steady state analy-
sis of fins have been addressed by meshless Element Free
Galerkin (EFG)”? method and many other numerical
methods®!°.

Heat transfer problems, in practical are transient
and nonlinear. These nonlinear problems have been
approximated by different numerical methods including
differential transformation method™3, homotopy per-
turbation method™ and the classical Lie point symmetry
method® etc. Galerkin’s method of weighted residual has
been employed to solve thermal analysis of longitudinal
fins with temperature dependent properties and internal
heat generation'®. It has been revealed that the results
obtained in this analysis serve as basis for comparison
of any other method of analysis of the problem and they
also provide a platform for improvement in fin design of
fin in heat transfer equipment. Convective-radiative fin
with temperature dependent properties have been dem-
onstrated by collocation spectral method. The effect of
temperature dependent properties such as thermal con-
ductivity, surface emissivity, heat transfer coefficient,
convection-conduction parameter and radiation- con-
duction parameter on the fin temperature distribution
and efficiency have been discussed.

To the best knowledge of the authors’ MLPG method
has not been applied for the analysis of nonlinear heat
conduction through fins.

Nonlinear heat conduction covers the problems of
temperature dependent material properties or temperature
dependent boundary conditions. In view of the practical
importance of nonlinear heat conduction problems, par-
ticularly in the fins, we attempt their numerical simulation
using MLPG method in the present work. The MLPG
method has been employed to obtain discrete equations
for one- dimensional nonlinear transient heat transfer
through convective and insulated tip fins with the help of
direct method and penalty method of interpolation.

1.1 The Meshless Local Petrov- Galerkin
Method

The MLPG method operates on Petrov-Galerkin formu-
lation i.e. it picks up test and trial functions from different
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function spaces. The original formulation'? has subse-
quently evolved in various versions either by changing the
meshfree approximation scheme or by selecting a new test
function. Hence, the MLPG method provides a rational
basis for constructing meshfree methods with a greater
degree of flexibility. The discretization of the governing
equation by the MLPG method requires moving least
square approximants which are made up of two compo-
nents of a weight associated with each node, a monomial
basis and a set of non constant coefficients.

1.1.1 The Moving Least Square Approximants

The unknown function T (x) is approximated by moving
least- square approximants T" (x). In one dimensions, for
linear basis T" (x) can be written as:

=3 p;0a;0=p’ ()a(x) 1)
j=1
Where p'(x) = (p, (%), p, (X)5...... »p,, (X)) is a complete

monomial basis and m is the number of terms in the basis.
For example, in 1-D space the basis can be chosen as:

pPrX)=1{Lx}, m=2

Quadratic basis: pT (x)=Al, x,x2 }, m =73

Linear basis:

The unknown coefficients a(x) at any given point are
determined by minimizing the functional J

7= & wexox T 090 -7, @

Where n is the number of nodes in the neighbour-
hood of x for which the weight function w(x — x 1) #0,

and T is the nodal parameter of T at x= x. The stationar-
ity of J in equation (2) with respect to a (x) leads to the
following set of linear equations:

a0 = A~ BT G
Where, A= 3 wx—x R R ) @

B(X) = [W(X =X/ )P(X} )s-ecovee WX =X )P(X )] (5)
T =[1,,Ty...T,] (©)
By substituting Eq. (3) in Eq. (1), the MLS approxi-

mants can be defined as
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7h(x)= f ® (T = D(x)T
i=1 (7)

Where meshless shape function ® (x) is defined as:
m —
o= 2 7 (A 1(x)B(x))ﬂ _ pTATB, (8)

The derivatives of shape function is given by:

T T, T, - T -l
O =(p A By =pyd By+p (A7) By+p 4 (B, 9)

1.1.2 Weight Function

The weight function w(x- x,) is non-zero over a small
neighbourhood of x called the domain of influence of
node I. The choice of weight function w (x- x) affects the
resulting approximation T" (x,), therefore the selection of
appropriate weight function is essential. In this article the
fourth order spline weight function is used. It is repre-
sented by
1-6d°+8d°-3d* if 0<d<I

W) = 0 it d>1 (10)

Where d = |[x-x/|| is the distance between two points.

2. The Discrete Equation

Let us consider the heat transfer equation with power-
law temperature- dependent heat transfer coefficient (h),
linear thermal conductivity (k), density (p) and specific
heat (c). The perimeter and area of the cross-section of
the fin are P_and A, respectively. Heat is not generated in
the solid then the governing differential equation for such
condition in a 1-D domain Q is given by

o’T P oT
k== D) = |(T-T,)= pc—
o ()[Aj( )7 (1)
Initial and boundary conditions:
T(x,00=T, on Q (12)
T(x,t)=T onTI,
qg(x,)=¢q onTl, (13)

qg(x,t) = h(Ta -7) onlI,
where'=I',ul’, UT, is the boundary of global

domain Q, ¢ = k(g—T) , T is the specified temperature on
n

essential boundary, g is the given heat flux at the natural
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boundary, n is the outward unit normal to the boundary,
h is convective heat transfer coefficient and T is the ambi-
ent temperature.

2.1 MLPG Formulation

MLPG method is based on local weak form. Weighted
residual formulation for Eq. (1) in local domain Q, can
be expressed as

Joult

Qo

)r-rmiTiomo o

Where, v is the test function. Using divergence theo-
rem, Eq. (4) yields the desired weak form given by

or oT oy P P or
[kan L ﬂkoxax h()(A)T—h(T) (A)T e }dQ 0 (15)

WhereT, is the boundary of the local domain

In case of 1-D problem, boundary integrals turn to be a
point value on boundaries. Taking advantage of MLPG
method’s flexibility, the test function v is selected such
that it vanishes at the boundary of local domain. Hence,
boundary integral remains non-zero only when local
domain intersects the global boundary. Therefore, Eq. (5)
can be written as follows:

[qv]r +[§v]r +[vh(T)(Ta —T)]r

oT ov or 1. (16)
j{kaxamm [ jT h(T)v [ jT +pecy }dQ—O

Q

Where [0 =T 0 gr Top =T, NIy and [y =T, AT,

The unknown function, T, at any instant of time ¢, is
approximated by MLS scheme as follows:

T(x)=Y @1 =0T
i=1 (17)
where © is the vector of meshfree shape functions ®@,,
T represents the vector of nodal parameters T, at time ¢
and n_is the number of nodes in the support domain at
point x. Essential boundary condition is imposed by the
method of direct interpolation. Substituting the approxi-
mation (17) in Eq. (16) and performing integration over
all local domains corresponding to all field nodes, the
semi-discrete system can be obtained as follows:

CT+KT=F (18)

Where the typical matrix elements if essential bound-
ary condition is imposed with the:
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Direct Method
0, ifx. €T,
¢ . 19
T [&‘k LLHT) ,{P]“’Jdg_[“a@} [, | | e, 1)
) ax ax 4 an Ty e
'[ pCVi(D,-dQ ifx,- frl
¢ =14, (20)
0 otherwise
7 ifx el
Fe 21
i [vfﬂrzg +[Vih(T )7:1]+ _[[h(T )V,'(ijTade otherwise -
Q
Penalty Method
¢j ifX, el"l
K= ([ov, 00 P o (22)
sl o o
J. pev® dQ itz ¢,
¢l (23)
0 otherwise
7 ifx. €T,

F= ), ], + | [h(T)vl {j]r )am[av,.r]r otherwise (24)

%

Where a is the penalty parameter.

2.2 Time-Stepping Algorithm and Handling

Nonlinearity

Spatial discretization of governing partial differential
equation (11) results in a system of semi-discrete ordi-
nary differential equations. We use two- level 6 method
for temporal discretization. It can vary between explicit
and implicit strategies and results in the algebraic system

[C + OAKIT"™! =[C+ (6 - DAK]IT" + AF (25)
Where At is the time step and #n denotes the time level

(i.e. t = n A if uniform time step is employed).
An iterative predictor-corrector scheme is used to
handle nonlinearity in current work is as follows:

Predictor:
[CX") +oneA(X™) X =

[CX") +(1-O)AAX") | X" + AB(X") (26)
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Corrector:

[C(X)) + OnA(X)) | X0, =

[C(X]) + (- O)AA(X]) | X" + AB(X],) @7)
Where p =0, 1, 2, 3...up to convergence and
XZ = wX;’,+1 +(1-w)X" 0< w<l -

n+l n+l
X = X

3. Numerical Results and
Discussions

Consider a sample problem of one- dimensional fin as
mentioned in the Figure 1.

FIN TIP

| O

L

RARRRNY
B

Figure 1. Schematic of cylindrical fin.

The different parameters used for the transient analysis
of the model, shown in Figure 1 are tabulated in Table 1.

Table 1. Thermo- Geometric Parameters of Fini$

SL. Parameters Value of

No. Parameters

1 Fin Diameter (d) 2cm=0.02m

2 Fin Length (L) 10cm =0.10m

3 Fin Perimeter (P ) =nd 0.0628 m

4 Specific heat (C) 0.48 kJ/kg.’C

5 Density of the material (p) 7800 kg/m’

6 Cross- sectional area (A )= 1.57 x 10 m?
Yamir?

7 Thermal conductivity (k) 12 W/m.’C

8 Heat transfer coefficient (h) 9.0 AT W/

m2°C
9 Surrounding temperature (T) | 30°C
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(a,) and support domain (a,)

10 Base temperature (T,) 200°C
11 Initial temperature (T, ,) 200°C
12 Time step (At) 10 sec
Table 2. Performance parameters of fin
SL Parameters Value of
No. Parameters
1 No. of nodes taken along the fin | 21
length
2 Extent of quadrature domain 1.66 and 2.50

4 Theta (0) 1

5 No. of iterations 10

The solutions for the proposed cases are depicted
in Figures 2-5. It can be observed that the temperature
decreases with the increase in time from 500 sec to 2500
sec. for both the tip conditions- convective and insulated
the temperature at the tip seems to be decreased with time.
The temperature variation trend approaches towards the
steady state as the time advances.

Table 3. Results of heat transfer in the convective fin by direct method of

interpolation
Node Location (m) | 500 sec 1000 sec | 1500 sec 2000 sec | 2500 sec | Steady state
0.000 200.00 200.00 200.00 200.00 200.00 200.00
0.025 129.09 118.86 116.84 116.41 116.32 116.30
0.050 102.07 84.41 80.84 80.10 79.94 79.90
0.075 90.01 68.30 63.85 62.91 62.71 62.66
0.100 84.06 62.66 58.23 57.30 57.10 57.05

Table 4. Results of

heat transfer in the insulated fin by direct method of interpolation

Node Location (m) | 500 sec | 1000 sec | 1500 sec | 2000 sec | 2500 sec | Steady state
0.000 200.00 200.00 200.00 200.00 200.00 200.00
0.025 129.45 119.16 117.04 116.58 116.48 116.45
0.050 103.00 85.08 81.31 80.49 80.31 80.26

0.075 91.95 69.53 64.74 63.69 63.46 63.39

0.100 87.60 64.76 59.84 58.76 58.53 58.46

Table 5. Results of heat transfer in the convective fin by penalty method of

interpolation
Node Location (m) | 500 sec 1000 sec | 1500 sec | 2000 sec | 2500 sec | Steady state
0 200.00 200.00 200.00 200.00 200.00 200.00
0.025 133.07 123.81 122.02 121.66 121.58 121.57
0.050 103.68 86.87 83.57 82.90 82.76 82.73
0.075 90.67 69.67 65.48 64.63 64.45 64.41
0.100 84.47 63.70 59.52 58.67 58.49 58.45

Table 6. Results of heat transfer in the insulated fin by penalty method of

interpolation
Node Location (m) | 500 sec | 1000 sec | 1500 sec | 2000 sec | 2500 sec | Steady state
0.000 200.00 200.00 200.00 200.00 200.00 200.00
0.025 133.42 124.10 122.22 121.82 121.74 121.72
0.050 104.61 87.54 84.04 83.30 83.14 83.10
0.075 92.61 70.91 66.40 65.44 65.23 65.18
0.100 88.03 65.85 61.20 60.21 59.99 59.94
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Table 7. Temperature- time history at 10th node

Time | Convective tip Insulated tip < 200
(Sec) Direct Penalty | Direct Penalty - N s I - e ?83; e | |80
method method | method method v X vs 1500 sec
B © A - xvs 2000 sec 160
500 103.00 10461 | 102.07 103.68 o D e
o A \ Y 140
1000 85.08 87.54 84.41 86.87 g
2 |
1500 81.31 84.04 80.84 83.57 ‘é’
2000 | 80.49 83.30 80.10 82.90 e
2500 80.31 83.14 79.94 82.76 ]
200 200
—=——  xvs 500 sec 0.00 0.02 0.04 0.06 0.08 0.10
180 - o xve1000sec | | 180
C v x vs 1500 sec xm
160 - A 2000 160 . . .
o . Xve2s00sec Figure 4. Heat transfer though convective fin using penalty
°, 1401 o xusStead 140 method of interpolation.
£ 1201 - 120
g %
5 100 4 NS 100
= 200 200
80 4 x vs 500 sec
180 1 - xvs 1000 sec 180
60 - - xvs 1500 sec
160 - xvs 2000 sec 160
x vs 2500 sec
400.00 i‘; 140 - x vs Steady 140
5
X, m T 1204
. . . . 8
Figure 2. Heat transfer though convective fin using direct £ 1001
=
method of interpolation. o
200 200 601
——— xvs 500 sec 40 T T T T 140
L U e N e R I P x vs 1000 sec 180 0.00 0.02 0.04 0.06 0.08 0.10
: - v - - xvs 1500 sec xm
160 . w A -e- xvs 2000 sec 160
- ® - xvs 2500 sec . . :
© 1ol \ Ca vesteady o Figure 5. Heat transfer though insulated fin using penalty
g \ method of interpolation.
120
3
g 100 +
[
80 7 106 7 105
60 : ——@—— Insulated tip- Direct Method
00 N e L Insulated tip- Penalty Method 100
- w- — Convective tip- Direct Method
40 = A- . Convective tip- Penalty Method
0.00 0.02 0.04 0.06 0.08 0.10 o %1
X.m Oq;
3
Figure 3. Heat transfer though insulated fin using direct g 901
Q
method of interpolation. g
= 85
Figure 6 depicts the temperature time history at the 80
randomly chosen 10th node, which is located at 0.045 m
ey 75 T T T 75
from the base. It can be observed that at the initial phase 500 1000 1500 2000 2500
of time the temperature lowers down at the faster rate but Time, sec
in the later phases it settles down to steady state. Figure 6. Temperature- time history at 10th node.
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4. Concluding Remark

The transient heat transfer in a longitudinal fin was stud-
ied for convective tip and insulated tip by direct method
and penalty method of interpolation respectively. The
dependence of convective heat transfer coefficient on the
temperature rendered the problem nonlinear. Hence, it
can be depicted that MLPG method is capable enough to
address nonlinear and transient heat transfer problems of
the fins successfully.

5. References

1.

Atluri SN, Zhu T. A new meshless local Petrov- Galerkin
(MLPG) approach in computational mechanics,
Computational Mechanics. 1998a; 22:117-27. https://doi.
org/10.1007/s004660050346.

Atluri SN, Zhu T. A new Meshless Local Petrov- Galerkin
(MLPG) approach to nonlinear problems in computer mod-
eling and simulation, Computer Modeling and Simulation
in Engineering. 1998b; 3(3):187-96.

Atluri SN, Shen S. The basis of meshless domain discretiza-
tion: the Meshless Local Petrov- Galerkin (MLPG) method,
Advances in Computational Mathematics. 2005; 23:73-93.
https://doi.org/10.1007/s10444-004-1813-9.

Thakur HC, Singh KM, Sahoo PK. MLPG analysis of non-
linear heat conduction in irregular domains, CMES. 2010;
68(2):117-49.

Qi-Fang W, Bao-Dong D, Zhen-Feng L. A complex variable
meshless local Petrov-Galerkin method for transient heat
conduction problems, Chin. Phys. B. 2013; 22(8):1-7.
Zhang T, He Y, Dong L, Li S, Alotaibi A, Atluri SN. Meshless
local Petrov- Galerkin mixed Collocation method for solv-
ing Cauchy inverse problems of steady state heat transfer,
CMES. 2014; 97(6):509-33.

Singh IV, Sandeep K, Prakash R. Heat transfer analysis
of two- dimensional fins using a meshless element free
galerkin method, Numerical Heat Transfer, Part A. 2003;
44:73-84. https://doi.org/10.1080/713838174.

Singh T, Shrivastava S, Ber HS. Analysis of unsteady heat
conduction through short fin with applicability of quasi
theory, Int. J. Mech. Eng. and Rob. Res. 2013; 2(1):269-83.

Vol 10 (31) | August 2017 | www.indjst.org

10.

11.

12.

13.

14.

15.

16.

17.

18.

Taler D, Taler J. Steady-state and transient heat trans-
fer through fins of complex geometry, Archives of
Thermodynamics. 2014; 35(2):117-33.

Sao AK, Banjare YP. Analysis of thermal characteris-
tics of transient heat conduction through long fin and
comparison with exact fin theory and quasi steady the-
ory, International Journal of Emerging Technology and
Advanced Engineering. 2014; 4(11):157-66.

Sadri S, Raveshi MR, Amiri S. Efficiency analysis of straight
fin with variable heat transfer coefficient and thermal con-
ductivity, Journal of Mechanical Science and Technology.
2012; 26(4):1283-90. https://doi.org/10.1007/s12206-012-
0202-4.

Torabi M, Yaghoobi H. Thermal analysis of the convective
radiative fin with a step change in thickness and tempera-
ture dependent thermal conductivity, Journal of Theoretical
and Applied Mechanics. 2013; 51(3):593-602.

Kader AHA, Latif MSA, Nour HM. General exact solu-
tion of the fin problem with variable thermal conductivity,
Propulsion and Power Research. 2016; 5(1):63-69. https://
doi.org/10.1016/j.jppr.2016.01.007.

Ganji DD, Ganji ZZ, Ganji HD. Determination of tem-
perature distribution for annular fins with temperature
dependent thermal conductivity by HPM, Thermal Science.
2011; 15(Suppl. 1):S 111-15.

Mhlongo MD, Moitsheki R]. Some exact solutions of non-
linear fin problem for steady heat transfer in longitudinal fin
with different profiles, Advances in Mathematical Physics.
2014; 1-16. https://doi.org/10.1155/2014/947160.
Sobamowo MG. Thermal analysis of longitudinal fin with
temperature dependent properties and internal heat gen-
eration using Galerkin's method of weighted residual,
Applied Thermal Engineering. 2016; 99:1316-30. https://
doi.org/10.1016/j.applthermaleng.2015.11.076.

Sun Y, MaJ, Li B, Guo Z. Prediction of nonlinear heat trans-
fer in a convective radiative fin with temperature dependent
properties by the collocation spectral method, Numerical
Heat Transfer, Part B: Fundamentals. 2016; 69(1):68-73.
https://doi.org/10.1080/10407782.2015.1081043.

Holman JP. Unsteady heat conduction (Chapter 4). Heat
Transfer, 10th Edition, McGrawHill Higher Education;
2010.

Indian Journal of Science and Technology I 7 -



