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1. Introduction

Bashirov et al! in 2008, studied the notion of multiplica-
tive calculus and brought up multiplicative calculus

to the attention of researchers in the branch of analy-
sis and showed its usefulness. They defined a new space
called multiplicative metric space. In 2012, Ozavsar and
Cevikel? discussed some topological properties of the
multiplicative metric spaces. For more details of multipli-
cative metric spaces*.

The concept of fixed point of mappings in metric as
well as normed linear spaces is a powerful and impor-
tant tool in nonlinear analysis, see references®:. Also for
important results concerning topological properties of
normed linear spaces, the reader may refer to Kreyszig®
and Lang”.

Definition 1.1' Let X' be a nonempty set. A multipli-
cative metric is a mapping m: X x X — R" satisfying

the following conditions:
(1) m(x,y) =1 forall x,y € X and m(x,y) =1 ifand

onlyif x = y;

*Author for correspondence

(2) m(x,y)=m(y,x) forall x,ye X;
(3) m(x,y)<m(x,z).m(z,y) forall x,y,ze X.

The pair (X, m) is called a multiplicative metric space.

In this paper, we introduce the concept of multipli-
cative normed linear spaces. In section 2, we investigate
topological properties of multiplicative normed linear
spaces. In section 3, we prove some fixed point theorems in
the context of multiplicative normed linear spaces.

Definition 1.2 Let X be a linear space over R (or C ).
A mapping ||.|[: X = R" is called a multiplicative norm
for X, if it satisfies the following conditions:

L. [| x||=1 forall xe X;

5 IIx||=1ifand only if x=0;

3. [|eex ||=|| x ||M for all xe X and any scalar ;

g 1Ix+ YUl x|l.[| ]l forall x,yeX.
Then the pair (X,]||.||) is called a multiplicative

normed linear space.
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It is clear by definitions of multiplicative normed
linear spaces and normed linear spaces that both are
independent spaces.

Example 1.3 Let IR be the set of all real numbers. Let
|| .|| be defined on R by
Ixll=a?; xeR

where a >1 is a fixed real number and

S A

ifx<0
Then (||.]|,[R) is a multiplicative normed linear
space.

Example 1.4 The space C[a,b] of all continuous
real-valued functions defined over [a, b]is a multiplica-

tive normed linear space under the multiplicative norm

()
lxf|=a™ e

where x € C[a,b]and a >1 is a fixed real number.

Remark 1.5 Every multiplicative normed linear
space (X, ]|.]|) is a multiplicative metric space under the
multiplicative metric given by m(x, y)=|x—y|| for

x,yeX.

Proof: Forany x,y,ze X

(1) m(x,y)=|| x—y||=1 which implies m(x, y) >1

(2) m(x,y)=1if and only if || x — y ||=1if and only if

xX=Y

3) m(x, )=l x =y =l y=xIl '=m(y,)

B m(x,y)=llx=y+z=zlIslx=zIl.I =y = m(x.2).m(z, y)
Thus (X, d) is a multiplicative metric space.
Lemma 1.6: A multiplicative metric m induced by a

multiplicative norm |[|.|| on a multiplicative normed lin-

ear space X satisfies
(1) m(x+a,y+a)=m(x,y)

) m(ax,ay)=m(x, y)"
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for any scalar & and x, y,a € X.
Proof.

(1) m(x+a,y+a)=l|x+a-y—all=llx-yll=m(x,y)

@ m(ax,ay)=llax—ay||=lx =yl =m(x, )"
Remark 1.7: Every multiplicative normed linear space
is a multiplicative metric space but converse is not true,
i.e. a multiplicative metric on a linear space may not be
obtained from a norm.
Example 1.8: Let(X,m)be discrete multiplicative

metric space defined as

1 if x=y

m(x,y)z{a if x#y

where @ >1 is any fixed real number. Then it is a mul-
tiplicative metric space.

Suppose m is induced by a multiplicative norm ||.||
on X, then

m(x, y)=|l x =yl

And by Lemma 1.6 m(ax,ay)=m(x, y)‘“‘ for any
scalar ¢ and x,y € X.

Let X =R and take a=3, x =3,y =2,then
ax#ay which implies m(ax,ay)=a

Also x # Y, s0 m(x, y)‘a‘ =a’

But a#a’ for a>1.

So this multiplicative metric cannot be induced by any

multiplicative norm.

2. Topological Properties of
Multiplicative Normed Linear
Space

Definition 2.1 (Multiplicative ball): Let (V/,]|.]|) be a
multiplicative normed linear space, then given a point
X, €V, the multiplicative ball centered at x,and with

radius 7 >1 is the set
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B (x))={v eV| Ilv—x, ||<r}.

Definition 2.2 (Multiplicative Open set): Let
(V,1].1]) be a multiplicative normed linear space. A set
G cVis called multiplicative open if for everyx € G,

there exists & >1 such that

B (x)cG.

Definition 2.3 (Multiplicative Closed set): Let
(V,11.1]) be a multiplicative normed linear space. A set
F cV is multiplicative closed if F“ =V — F is multi-
plicative open.

Definition 2.4 (Convergence in multiplicative
normed linear space): A sequence {X,} _ in a mul-
tiplicative normed linear space (V,]|.]|) is said to be
multiplicative convergent tox €V, if for any ¢ >1, there

exists 7, € N such that

|| x, —x|[< & forall n>n,

or simply we can say X, >, X as n-—>ooif
lim,  |lx,—x]|=1.

Definition 2.5 (Multiplicative Cauchy sequence): A
sequence {X,}"_ in a multiplicative normed linear space

(W, .1) is said to be multiplicative Cauchy sequence, if

for any ¢ >1, there exists 7, € N such that
| x, —x, [|< & forall m,n>n,

it is denoted by || x,, — x, [|—>, 1 as m,n — .

Definition 2.6 (Bounded set in multiplicative
normed linear space): Let (V/,]|.|]) be a multiplicative
normed linear space. A set S —J is said to be bounded,

if there exists a constant M such that

[| x[|£M forall xeS.
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Lemma 2.7: Let (X,||.||) be a multiplicative normed
linear space.

(i) Every multiplicative convergent sequence is multipli-
cative Cauchy sequence in X .

(i) If x, =, x and x, —>, ¥y then X =y i.e. multiplica-
tive limits are unique.

(iii) Every multiplicative Cauchy sequence in X is

bounded.
Proof: (i) Let x € X such thatx, —, X.
Then for any & >1, there exists a natural number 7,
such that ||x —x ||<\/E and || x, —x ||<\/E for all
n,m=n,. Then by multiplicative triangle inequality, we
get
1%, =x, [I=11x,, =x+x=x, [[<]|x, = x|l x, = x]|
<\/;\/; =¢& forall m,n=n,
which implies {xﬂ }:: (is a multiplicative Cauchy
sequence.

(i) Il x = yll=ll x—x, +x,~ » |
<llx,—x||.llx,=y||—,1as n—>o which implies
[x—yl|l=1ie. x=y
(iii) Let {xn };11 be a multiplicative Cauchy sequence in X
.Take £ =2, then by definition of multiplicative Cauchy
sequence there exists a natural number 7, such that

| x,—x, ||<2 forall m,n>n,

lx

n

In particular g I<2

which implies, for all n>n,,

Ix, 1=l x, —x,, +x, |
<llx, —x,, Il |
<2, |

Then 1, [1<max (113, 111 %, llooll %, 12115, 1)
forall ne N.

Thus the sequence {xn }:;1 is bounded.
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Remark 2.8: Since every multiplicative convergent
sequence is multiplicative Cauchy sequence and every
multiplicative Cauchy sequence is bounded. So every

multiplicative convergent sequence is bounded.

Definition 2.9: Let (X,||.||) be a multiplicative
normed linear space andlet 4 < X .

(i) A point x € X is called multiplicative limit point
of A, if there exists a sequence X, € A with x, #x such
that x, —, x.

(ii) A is multiplicative closed, if it contains all its mul-

tiplicative limit points. In other words, A is multiplicative

@© .
closed, whenever {xn} is a sequence of elements of 4

n=1

andx, =, x€ X , then x must be the element of 4 .

(iii) The set A=AUA is called multiplicative closure
of the set A, where A’ is the set of all multiplicative lim-
its points of A .

(iv) We say that A is multiplicative dense in X if mul-

tiplicative closure of A is equalto Aie. A=A .

Definition 2.10 (Multiplicative Banach space): A
multiplicative normed linear space (X,||.||) is called
multiplicative complete if every multiplicative Cauchy
sequence in X multiplicative convergent to a limit in X
A complete multiplicative normed linear space is called a
multiplicative Banach space.

Example 2.11: R" is multiplicative Banach space

under the multiplicative norm defined by

n
2 b

lxll=a=

where X =(X,,X,,...,x,) € R"and a >1is a fixed
real number.
Solution: First we shall show that R" is a multiplica-

tive normed linear space.
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>
”x”:ag;x >1 aszn:|xi|20
i i=1

@)
forall x =(x,x,,...,x,) € R";

n

S )
(i) || x|[|=a™ =1 ifand onlyif Z|xi| =( ifand only
i1
if x=(x,,%,,...,x,)=0;

n

n
Z“”f‘ ‘a‘z‘xi‘

(iii) || ax||=a™ =a * =||x||‘a‘ for any scalar &

and x = (x,,X,,...,x,) € R";

n
Z‘xi +i]

@) [[x+y|l=a™

(lalHpealrtpe]) (ol Hpa et

<a 4l Dol

forany x = (X, %,,...,X,), ¥ = (¥, V5,..,»,) e R".
Thus R" is a multiplicative normed linear space under
the above defined multiplicative norm.
Now we shall show that R" is multiplicative complete.
Let {xm }:::1 be any multiplicative Cauchy sequence in
R", where x,, = (x",x3',...,x, ) e R".
Let £ >1 be given, then by definition of multiplica-
tive Cauchy sequence, there exists an integer 7, > 0 such

that

e>1x, = |l for al m,12n,

‘xl”’ —x{‘-*—‘x;” —x£‘+4..+

m_ 1
'xﬂ _'xll

forall m,l >n, ...(2.1)

m_ 1
R

>a for all m,lznoandi=1,2,...,n,

which is true for any given & >1, when m and /are
taken greater than some positive integer. Therefore, we
have

|xi'”—xl.l|—>0 as m,l — o

Thus {xim}00

m=1

is a Cauchy sequence in R with usual

norm for all i =1,2,...,n. But R is complete with usual
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norm. Therefore there exists z; €R such that

lim x' =z,

m—>0 "1

foralli=1,2,...,n

Now in equation (2.1), letting/ — 00, we get

n
z i =limy ., le

g>a!

for allm 2 n,

forall m=n,
=||x, —z|| forall m=n,,

where z =(z,,2,,...,z,) €R"

Which implies {xm }::1 is multiplicative convergent
tozeR".
Hence R"is multiplicative Banach space under the

above defined multiplicative norm.

Theorem 2.12: A subspace Y of a multiplicative
Banach space X is multiplicative complete if and only if
Y is multiplicative closed in X .

Proof: Let ¥ be multiplicative closed subspace of
multiplicative Banach space X . Let {xn} be any mul-
tiplicative Cauchy sequence in Y .This implies {xn} is
multiplicative Cauchy sequencein X . But X is multipli-
cative complete, therefore {xn} multiplicative converges
to some element x in X . Since Y is multiplicative
closed, we conclude that x € Y. Thus {xn} multi-
plicative converges to some element of Y. Hence Y is
multiplicative complete.

Conversely, we assume that ¥ is multiplicative com-
plete subspace of multiplicative Banach space X . We shall
prove that Y is multiplicative closed in Xie. ¥ =Y.
Since YcY=YUY ', so it is sufficient to prove that

Y C Y. Let xeY then there exists a sequence {xn} in
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Y which multiplicative converges to x . So {xn} is mul-
tiplicative Cauchy sequence in Y . But ¥ is multiplicative
complete, so {xn} multiplicative converges in Y .Using
Lemma 2.7, we havex € Y .

Definition 2.13  (Multiplicative = Continuous
function): Let (X,||.[}) and (Y,]|.],) be two mul-
tiplicative normed linear spaces and f: X — Y be a
function. We say that f is multiplicative continuous at
X, € X, if for any given & >1, there exists 0 >1 such
that || x —x, [|< o implies || f(x)—f(x,)|,<¢&.

Theorem 2.14: Let (X,||.]|) and (Y,||.||2)be
two multiplicative normed linear spaces. A mapping
f: X —Y iscontinuous at a point X, € X if and only
if x, &, x, in X implies f(x,)—, f(x,) inY.

Proof: Let f be continuous at X, .Then for a given
& >1, there exists 0 >1 such that

[l x =X, [} <& implies || /(x) = f(x)) [, <& .

Now let x, —>, X, in X .Then by definition of mul-
tiplicative convergent sequence, there exists a natural
number 7, such that

| x, —x, || <0 forall n2n,.

Which implies, || f(x,)—=f(x))|,<& for all
nzn,.

Therefore by definition f(x,) =, f(x,) in Y.

Conversely, we assume that x, —, X,in X implies
£(5,)=>. f(x,)inY.

We shall prove that f is continuous at X,. Suppose

this is not true, then there exists an & >1 such that for

every 0 > 1, wehave x in X other than X, satisfying

”x_xo ||1<5 but ||f(x)—f(x0)||225 .

In particular, for 0, =1+— , we have X, in X sat-

isfying n
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1
1%, =% [h<1= but [ £(x,) = () b= €

which implies x, —, X, but { f (xn)} does not mul-
tiplicative converge to f(x,).Which is contradiction.
Hence f is continuous at X, .

Proposition 2.15: Let (X,]||.||) and (Y,[].]},)
be two multiplicative normed linear spaces. Then the
Cartesian product X xY ={(x,y);xe X,yeY}is
also a multiplicative normed linear space with the follow-
ing norms
O G N=M1x b -1y 1
@) [1Ce, ) [, =max{l x [h, [l v 11}

Proof: (1) First we shall show that Cartesian product
X xY is a multiplicative normed linear space under the

multiplicative norm

I Ge ) I=IEx -1y I,
@ 1, I=lxl Ay lh=1,
since || x[[=L] y|,=1 forall (x,y)e X xY.
(ii) || (x,»)I=1 ifandonlyif [ x|} .[[ ¥ |L=1
ifand onlyif || x || =1=]| y|l,ifand only if x=0=y
(iii) G 1=l (@x,ap) =l axly - llay L= x i 11y 1= Al )
=|(x,y) ||‘a‘ for all (x,y) € X xY and any scalar & .
(iv) Let (x,,,),(x,,¥,) € X xY, then
G )+ o ) =11+ 205,y p) =10+ 1Ly + 2, 1
I fh -1 T b s =1, y) 1T Gey, v,) ]
(2) Weshallshowthat|| (x, ¥) ||, =max{|| x ||| ¥ Il,}
is multiplicative norm on X xY .

@) [1Cx, ) [, =max {|[ x [, || ¥ [l,} = 1
since || x| =L|ly|,=1 forall (x,y)e XxY.
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(i) || (x, ¥) |, =1 ifand only if max{|| x ||,,|| ¥ |l,} =1

ifand onlyif || x || =1=]| ||, if and only if
x=0=y

(i) Nl (e, ) 1L, =1l (erx, ap) I, =max f ax [, [l @y [} =max ) x |1 v 1)

= (max | [}/l y 1)) =1 G ) L
forall (x,y) e X xY and any scalar o .

(iv) Let(x,, ¥,),(x,,¥,) € X XY, then

|| (xl7yl)+('x25y2)|Lo=” ('xl +x2’yl +y2) ”ﬁ =max{||xl +x2 Ill’”yl +y2 ||2}

<max{|| x [ - 112 [0 vy 1 -1y 1k

< max{|l x, [, y; b)-max ]| x, [|1l v, [}

=|| (xl,yl) |Lo Al (x27y2)|loo

Theorem 2.16: Let (V,||.||) be a multiplicative
normed linear space over the scalar field /' . Then

(i) The mapping (@,x) > ax from FxV —Vis
multiplicative continuous.

(ii) The mapping (x,y) > x+y from VxV —Vis
multiplicative continuous.

(iii) The mapping x —|| x|| from V — R is mul-
tiplicative continuous i.e. multiplicative norm is
multiplicative continuous.

Proof: (i) Let &, > « in F andx, —, xinV".

We shall show thata, x, =, ax as n — .

Consider || o, x, —ax||=|la,x, —a,x+a,x—ax||
e, (x, =0l Il (@, —a)x ||

—llx —x [ ey

Since |, —0(| —0 and||x, —x[|>,1 asn—> 0
we obtain ||, x, —ax||—>,1as n—>o0
Le. a,x, >, ax as as n —> o

(ii) Let x, >, X, y, —>, Y as n —>®©
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|x,—x|[=>,1 and|ly, —y|—>,1asn—>oo
Consider [/ (x, +,)=(x+ ) I=[l (x, =x)+(y, = M|
lx, =xllly,—yl=>.1 as n—>o

ie. (x, +y,)—>, (x+y) asn—>

(iii) Before proving (iii), we first obtain an inequality

[yl

Nl x =yl 11yl
lx=yll

We note that in a multiplicative normed linear space

Ixll=llx=y+yl<llx=yIl-l»I (2.2)
Interchanging the role of x and , we obtain
Iy Isity=xixl 23)
Using (2.2) and (2.3), we obtain
Iyl
— x| x=p Ly .
lx—=yll (2.4)

Taking x = x,, ¥ = X in equation (2.4), we get

llx 1l

Il x, — x|

<llx, 1<, =11l x ] ©(25)

Now let x, —>, X, then by equation (2.5), we get

I, ll=.11xl

Thus multiplicative norm is multiplicative continuous
function.
Definition 2.17 (Multiplicative Compact set): Let
(X,||.]]) beamultiplicative normed linear space and let
A be a subset of X . Then A is said to be multiplicative
compact set, if every multiplicative open cover of A has
a finite subcover i.e. 4 is multiplicative compact, when-
ever {4, }, ., is a collection of multiplicative open sets
whose union contains 4, then there exist finitely many

Q,0,..., 0y

N
such that 4 UAa‘ )

i=1
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Definition 2.18 (Multiplicative Sequentially Compact
set): Let (X,||.]]) be a multiplicative normed linear
. Then A is said to be

multiplicative sequentially compact set, if every sequence

space and let 4 be a subset of

{x,},.yof elements of A contains a subsequence

{xnk oy which multiplicative converges to some ele-

ment of 4.

Definition 2.19 (Multiplicative totally bounded): Let

(X,]||.])) be a multiplicative normed linear space and let

A be asubset of X . Then A is said to be multiplicative

totally bounded, if for any & > 1, there exists finitely

many points @,,d,,...,d, € Asuchthat 4 C OBS (a,)
-1

where B.(@;) is the multiplicative open ball of radius ¢

and centre a, .

Lemma 2.20 : Any multiplicative closed subset of a mul-

tiplicative compact normed space X is multiplicative
compact.

Proof: Let A be a multiplicative closed subset of a mul-

tiplicative compact normed space X.Let {4}, bea

ael
multiplicativeopencoverof A. Then {4} _, U (X — A4)
is a multiplicative open cover of X and therefore X has
a finite subcover say S. Then S —{X — A4} isa finite sub-
setof {A4,} ., that covers A.

Theorem 2.21: In a multiplicative normed linear space,
every multiplicative compact set is a multiplicative
sequentially compact set.

Proof: Let A be a multiplicative compact subset of a
multiplicative normed linear space X. Suppose that A
is not sequentially compact, then there exists a sequence

{a,} in A that does not have a multiplicative convergent

subsequence. Consider the set S ={a,,da,,...}. Then

Indian Journal of Science and Technology I 7 -
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clearly S = §, since if for some x e §,x ¢ S, in this
case B,(x) NS # ¢ forall & >1, then we can construct
some subsequence in S converging multiplicatively to
x.Thus §is multiplicatively closed subset of a multi-
plicative compact set A. So S is compact (by Lemma
2.20). As {a,} does not have multiplicative convergent
subsequence, for any m € N, there exists &, >1 such
that Bgm (a,)=a, . But {Bfm (a,)}_, is a multiplica-
tive open cover of S and so it has a finite subcover. But
this implies atleast one term in the sequence {a@,} must

be infinitely repeated, which is contradiction.

In order to prove multiplicative sequentially compact-
ness implies multiplicative compactness, we need two
lemmas.

Lemma 2.22: Every multiplicative sequentially com-
pact subset of a multiplicative normed linear space X is

totally bounded.

Proof: Suppose it is not true. Then there exists a set
A which is multiplicative sequentially compact, but for
some &, > 1, there exists no finite set S such

that A C U BSO (X). Now choose an element x; € 4.

X€Es

There exists some *2 € 4 _Beo (x)- Similarly we can
find some x; € 4—(B_ (x)VB_(x,)) and so on.
Constructing a sequence in such a way, we have x, € 4
such that || x, —x, ||>¢€, for all i # j. Therefore {x,}

cannot have any convergent subsequence, which is a con-
traction.

Lemma 2.23: Let A be a multiplicative sequentially
compact subset of a multiplicative normed linear space
X and S is an multiplicative open cover of 4. Then
there exists an & > 1 such that for any X € 4 we can find

an §_ €8 suchthat B (x)c S..

1
Proof: Suppose it is not true, then for any &, =1+—
m
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wherem € N, there existsx,, € 4 such that B, (x,,) is
not contained in any element of S. Since 4 is multipli-

cative sequentially compact, we can find a subsequence
{x, } of {x,} that multiplicative converges to some
X € A. Now S is multiplicative open cover of A and
x€A soxeS for someS €8S. As S"is multiplica-
tive open, we have B,(x) = S" for somes >1. Since
{x,, } converges multiplicatively to X, we have some
N e Nsuch that x, € B (x) for all k>N. Also
B, (x) is open, therefore there existg, >1 such that
Bgm]( (x,, ) < B, (x). Thus Bgmk (x,)=S " 8, which

is contraction.
Theorem 2.24: Every multiplicative sequentially

compact set is multiplicative compact in a multiplicative

normed linear space X.

Proof: Let A be a multiplicative sequentially compact set
and let S be an open cover of 4. By lemma 2.23, there
exists an &, >1 such that for any x € A we can find
S, €8 suchthat B, (x) = S,. Also by lemma 2.22, for
&, > | there exists a finite subset B of A4 such that

Ac U B, (x). Thus AC U B (x)c U S where

xeB xeB xeB

S. €S andhence 4 is compact.

By Theorems 2.21 and 2.24, we can conclude that
in a multiplicative normed linear space, multiplicative
compactness is equivalent to multiplicative sequentially
compactness.

3. Some Fixed Point Theorems
in Multiplicative Normed Linear
Spaces

Theorem 3.1: Let 7' be a continuous mapping on a
Multiplicative Banach space X. If there exists x,y € X
such that {T"(x)} _, multiplicative converges to J,
then y is fixed point for 7.
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Proof: Given that T is continuousand 7" (x) =, y
as n — .

Therefore T(T"'(x)) =, T(y) as n— . ie.
NT"(x)—-T(y) ||+ 1 as n— 0.

Now consider,

1T =y I=IT(G) T () +T" () -

TG =T N T" () =yl 1 as n— o,

ie. T(y)=y.

Theorem 3.2: Let  be a continuous mapping on a
multiplicative Banach space X . If 7(X) is a compact

setin X and for each 1, there existsa x € X such

that || 7(x)—x||< & . Then T has fixed point.

1

Proof: By given condition, for each &, =1+—, there
n

exists X, € X such that

T(x,)-x,lI<¢, (3.1)

Since T(X) is compact set in X, there exists a
subsequence {7'(x, )}, of {T'(x,)},., which multi-
plicative converges to some point of X ,say x.

ie [[T(x, )—x[> L as k — . (3.2)

Now using (3.1), we have

1%, —xlI=llx, —x+T(x,)=T(x,)]|

<llx, =TCe)ILIT(x, ) =]

<€, NT(x,)=x|l->.1 as k — .

ie. || X, —x||>.1as k> oo

Since T is continuous, and X, —>. X,
We have T'(x, ) —. T(x), ...(3.3) Using (3.2) and
(3.3),

we obtain 7'(x) = x.

4. Conclusion

In this paper, we have introduced important tools like
multiplicative ball, multiplicative open set and multipli-
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cative closed set in multiplicative normed linear spaces.
Also boundedness of multiplicative Cauchy sequence has
been proved. Continuity of scaler multiplication, vec-
tor addition and multiplication norm have been proved
in multiplicative normed linear spaces. Further we have
concluded that in a multiplicative normed linear space,
multiplicative compactness is equivalent to multiplica-
tive sequentially compactness. Moreover, applications of
topological properties of multiplicative normed linear
spaces to prove fixed point existence theorems have been
given.
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