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Abstract

Objectives: To obtain the complete classification of a particular class of indefinite type of quasi hyperbolic Kac-Moody
algebra QHA,” and to study the properties of imaginary roots. Methods: Pure theoretical approach for the classification
of Dynkin diagrams and an analytical approach for the root system are applied. Findings: The complete classification of
Dynkin diagrams associated to the Generalized Cartan Matrix of quasi hyperbolic indefinite type of Kac-Moody algebra
QHA,?is obtained. Here, the number of connected, non isomorphic Dynkin diagrams associated with QHA @ is 858. The
properties of strictly imaginary and purely imaginary roots are also studied for QHA,®. Applications: Kac-Moody algebra
has applications in various fields of mathematics and mathematical physics such as combinatorics, number theory, partial
differential equations, quantum physics etc.
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1. Introduction

The theory of Kac-Moody Lie algebras was first initiated
and developed by'? around 1968. Since then the sub-
ject has been attracting many mathematical researchers
because of its significant applications to various branches
of mathematics, quantum physics, mathematical physics
etc.

The complete classification of Kac-Moody algebras,
possessing strictly imaginary property was obtained in
Casperson’. Kang*” had studied about HA , HA ® and
HA @ using the techniques of ®. The purely imaginary
roots, a new class of Extended-hyperbolic Kac-Moody
algebras was introduced by’ and also the root multi-
plicities for the particular classes of extended-hyperbolic
Kac-Moody algebras EHA ), EHA ® were studied in'*".

Another, new class of indefinite non-hyperbolic type
of Kac-Moody algebra called Quasi-Hyperbolic Kac-
Moody algebra was introduced by'. Some particular

*Author for correspondence

types of indefinite, non-hyperbolic Kac-Moody algebras
QHG,, QHA,, QHA @, QHA_® and QHA ® were real-
ized as graded Kac-Moody algebras of quasi hyperbolic
type and also the homology modules up to level three
and the structure of the components of the maximal ide-
als up to level four were computed by *'*. The complete
classifications of the Dynkin diagrams and some proper-
ties of real and imaginary roots for the associated Quasi
affine Kac Moody algebras QAC," were obtained by,
obtained the complete classification of the Dynkin dia-
grams associated to the indefinite type of quasi hyperbolic
Kac-Moody algebra QHA,V and also studied the proper-
ties of purely and strictly imaginary roots.

In this work, we consider the particular class of Quasi-
Hyperbolic type of Kac-Moody algebra QHA,® whose
associated symmetrizable and indecomposable GCM is

2 -1 0 -p

-2 2 -1 -4| where p,q,1,l,m,n are non-negative
0 -2 2 -r
-l -m -n 2
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integers. The main aim of this paper is to give a complete
classification of the Dynkin diagrams associated with
QHA,® and study the properties of strictly imaginary
roots and purely imaginary roots for the same.

Preliminaries

In this section, we recall some basic concepts of Kac-
Moody algebras'~.

1.1.1 Definition 1.1[1]:

A realization of a matrix 4 = (aj )ln =1 of rank ], is a triple
(H, n, "), Hisa2n - I dimensional complex vector space,
= {al,...,an} and " = { alv,...,anv} are linearly indepen-
dent subsets of H* and H respectively, satisfying a,(a") =
a, fori, j=1,....,n. mis called the root basis. Elements of n
are called simple roots. The root lattice generated by m is

n .
szzai
i=1

1.1.2 Definition 1.2[1]
The Kac-Moody algebra g (A) associated with a
Generalized Cartan Matrix (abbreviated as GCM)

A=(a;); ., is the Lie algebra generated by the elements
e, f,i= 1,2,.,n and H with the following defining rela-
tions:

[hh] =0, hh eH

[eiﬂf‘j]zéjaiv
[h,e;] =a ;(h)e;
(hf] =—a,(W)f,, i,jeN

(ade)) ™ e, =0
(adf)™ f,=0 ,Vi=j ijeN
The Kac-Moody algebra g (A) has the root
space  decomposition & (4) = a(—?g (4 where
g, (D={xeg(AD][ h,x]=a (h)x, for all he H}

An element a, a # 0 in Q is called a root if g #0. Let

n
Q: ZZJrai'
i-1

1.1.3 Definition 1.3 [14]
Let A=(a;); ., be an indecomposable GCM of indefi-

i.j=1
nite type. We define the associated Dynkin diagram S (A)
to be Quasi Hyperbolic (QH) type if S (A) has a proper
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connected sub diagram of hyperbolic type with (n-1) ver-
tices. The GCM A is of QH type if S (A) is of QH type. We
then say that the Kac-Moody algebra g (A) is of QH type.

2. Classifications Of Quasi-
Hyperbolic Kac-Moody Algebra

QHA @

In this section, a complete classification of Dynkin dia-
grams is given. Then the properties of roots are studied.

For QHA 4(2), the associated symmetrizable and inde-
composable GCM is:

2 -1 0 -p
-2 2 -1 -gq
o -2 2 -r

-l -m -n 2

where p,q,r,,m,n are non negative integers. The
decomposition for this A is given by

A = DB where
1 00 O 2 -2 0 -p
020 O -1 1 -1/2 —q/2
D= and B =
0 0 4 0o -1/2 1/2  —-r/4
00 0 I/p -p —-m/l —p /1l 2pl/l

with the conditions, m = Iq/2p, n = Ir/4p.

2.1 Theorem 2.1 (Classification Theorem)

For the Quasi-Hyperbolic indefinite type of Kac-Moody
algebra QHA ®, whose associated symmetrizable and
indecomposable GCM is
2 -1 0 -p
-2 2 -1 -
A= 1
o -2 2 -r
-l -m -n 2
where p,q,1r,,m,n are non negative integers, the num-

ber of connected, non isomorphic Dynkin diagrams
corresponding to these GCM of QHA ® is 858.

2.1.1 Proof

We consider the Dynkin diagrams obtained from the
Dynkin diagram of affine Kac-Moody algebra A ® by
adding a fourth vertex, which is generally represented by
——,where —~_ can be one of the 9 possible edges:
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- oo ESDE

Case 1: In this case, a single edge is added from
the fourth vertex to any one of the three vertices of the
Dynkin diagram of affine A ® . It can be done in the fol-
lowing three ways:

Oe=——0=—=0 000
i
J
\—\ 0 0 0
The number of Dynkin diagrams connecting the
fourth vertex with any one of the other three vertices is
27.
We discuss the Dynkin diagrams case by case.
1. The following seven Dynkin diagrams are hyper-
bolic type:

2. The following five Dynkin diagrams do not belong
to Quasi-Hyperbolic type:

o
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Except these 12 Dynkin diagrams from the total of 27,
we get 15 connected, non isomorphic Dynkin diagrams
in QHA,®.

Case 2: In this case, two edges are added from the
fourth vertex to the Dynkin diagram of affine Kac-Moody
algebra A @ . It can be done in the following three ways:

N

The number of Dynkin diagrams connecting the
fourth vertex with any two of the other three vertices by 9
possible edges as mentioned above is 243.

o We discuss the Dynkin diagrams case by case.

o There are seven Dynkin diagrams of hyperbolic
type of rank 4, already given in Wan*.

« The Dynkin diagrams corresponding to the bold
face joining the vertices 4 and 2 do not belong to
quasi hyperbolic type.

o The Dynkin diagrams corresponding to the bold
face joining the vertices 4 and 3 and the vertices
4 and 2 joined by any one of X, X, X do not belong
to quasi hyperbolic type.

o The Dynkin diagrams corresponding to the bold
face joining the vertices 4 and 1 and the vertices
4 and 2 joined by any one of ¥, X, X do not belong
to quasi hyperbolic type.

o The Dynkin diagrams corresponding to the bold
face joining the vertices 4 and 1 and the vertices
4 and 3 joined by any one of bold face, K, K, K do
not belong to quasi hyperbolic type.

o The Dynkin diagrams corresponding to the bold
face joining the vertices 4 and 3 and the vertices
4 and 1 joined by any one of K, ¥, X do not belong
to quasi hyperbolic type.

o Apart from these, there are two more Dynkin
diagrams which do not belong to quasihyper-
bolic type:

AVARVY

Thus, there are 33 from Dynkin diagrams that do not
belong to Quasi-Hyperbolic type.

Except, these 7 + 33 = 40 Dynkin diagrams from
the total of 243, we get 203 connected, non isomorphic
Dynkin diagrams in QHA ®.
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Case 3: In this case, three edges are added from the

fourth vertex.
o ’\? 0
\\ ] /

The number of Dynkin diagrams connecting the
fourth vertex with all the other three vertices by 9 pos-
sible edges as mentioned above is 729.

o We discuss the Dynkin diagrams case by case.

o The number of Dynkin diagrams corresponding
to the bold face connecting the vertices 4 and 2
which do not belong to quasi hyperbolic types is
9x9 =381

o The number of Dynkin diagrams corresponding
to the bold face connecting the vertices 4 and 1,
4 and 3 which do not belong to quasi hyperbolic
type is 8.

Except, these 89 diagrams which are not Quasi hyper-
bolic type from the total of 729 we get 640 connected, non
isomorphic Dynkin diagrams in QHA ®.

Therefore, from the above three cases we get, 15 +
203 + 640 = 858 connected, non isomorphic Dynkin dia-
grams of indefinite type of quasi hyperbolic Kac-Moody
algebra QHA @.

These 858 Dynkin diagrams are given in Figure 1.

2.2 Properties of Imaginary Roots

2.2.1 Proposition 2.2

Consider the indefinite type of quasi hyperbolic Kac-
Moody algebra QHA,®, whose associated symmetrizable
and indecomposable GCM is

2 -1 0 —-p
2 2 -1 —gq
o -2 2 -r

-l -m —-n 2

A=

where p,q,;,/,m,n are non negative integers. Then the
Kac-Moody
algebra g (A) corresponding to QHA * has the follow-
ing properties:
o The imaginary roots of g (A) satisfy the purely
imaginary property. ( i.e. Two imaginary roots
add up to another imaginary root).

B ¢ | Voo (25) | July 2016 | www.indjst.org

o The imaginary roots of g (A) satisfy the strictly
imaginary property.

2.2.2 Proof

o Since A is a connected, symmetrizable and inde-
composable GCM, by using corollary 3.11 in

°, we get, ATm(A)ZAT (A) Hence g (A) has

purely imaginary property.

o Since A is symmetrizable and indecomposable
GCM, A satisfies the required condition for the
Theorem (23) in Casperson’. Hence g (A) has
strictly imaginary property.

Example 1: Consider the indefinite Quasi-Hyperbolic
Kac-Moody algebra QHA,® whose associated symme-
trizable and indecomposable GCM.

2 -1 0 =2

-2 2 -1 =2
A:

0 -2 2 0

-2 -2 0 2

Since A is symmetrizable, A can be expressed as A =
DB where

1 000 2 -1 0 -2
0200 -1 1 -1/2 -1
D= and B = .
0040 0 -1/2 1/2 0
0 0 01 -2 -1 0 2
Here (a,,a,) = 2, (a,a,) = 1, (a,,a,) = 1/2, (a,a,) = 2,

(a,a) = (a,a) = -1,(a,a,) = (a,a) =0, (a,a,) = (a,q)
=-2, (a,a,) = (a,a) = -1/2, (a,a,) = (a,a) = -1, (a,a,)
= (a,a,) =0.

Let a = a +a +a,+a,, then (a, a)= -7/ 4 < 0. Therefore
a is an imaginary root. For every real root 3, we find that
a + B is also a root. Hence a is a strictly imaginary root.
Lety=a +a,,then (y,y) =0. Therefore y is an imaginary
root. We can see that a +y is an imaginary root. Hence a
is also purely imaginary.

Example 2: Consider the indefinite Quasi-Hyperbolic
Kac-Moody algebra QHA,® whose associated symme-
trizable and indecomposable GCM.

2 -1 0 =2

-2 2 -1 =2
o -2 2 =2
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A can be decomposed into DB  where

1 000 2 -1 0 -2
02 00 -1 1 -1/2 -1
D= and B= .
00 40 0o -1/2 1/2 -1/2
00 0 1 -2 -1 -1/2 2

Here,(a,a)) = 2, (a,a) = 1, (a,a) = 1/2, (a,a,) = 2
(apa) = (aya) =-1L(a,a,) = (a,a) =0, (a,a,) = (a,a)

=-2, (a,a,) = (a,a) = -1/2, (a,a,) = (a,a) = -1, (a,a,)
(a,0,) =-1/2.

Let a = a +a +a,+a, then (a, a) = -9/2 <0. Therefore,
a is an imaginary root. For every real root y, we can see
that o +y is also a root. Hence o is a strictly imaginary
root. Let p = a,+a,+a, then (B,p) = -1/2 <0Therefore, B is
also an imaginary root. Here, we find that, a+p is also an

imaginary root. Hence a is also purely imaginary.

Figure 1. Connected, non isomorphic Dynkin diagrams of Quasi hyperbolic Kac-Moody algebra QHA ®.
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(155) (136) (187) (135) (129) (160) (161)
N AVAVA A,
(16) (165) (164) (165) (166) (167) (163)
VAVAVAVAVAVAY
(169) (1) (in) (m) (i7) (174 (173)
VAVAVAVAVAVAY
(176) (1m) (17) (150) (18) (182)
VAVAVAVAVAVAY
(189) (180 (185) (186) (187) (189) (189)
VAVAVAVAVAVAY
(190) (191) (19) (193) (199 (195) (196)
VAVAVAVAVAVAY
(1) (199 (1%9) () ()
VAVAVAVAVAVAY
{200 (205) (26) (20) %) (209) (210)
VAVAVA AVAVAY
(1) (1) (13) () (15) (216) 1)
VAVAVAVAVR AV
18) (219) (20) (o) (o) (13)
VAR A A A

(29) (220) (230) (231)

A AAAAN
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(233)

(235) (23) 259)

VAR A AN
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VVVTVTT
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TVYVVITV

(254)

(256) 27) (259) (29)

AR AR A
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(269) (264) (265) (266)

TVYVVTV

(268) (%9)

(m) () (@) 3)

AARAA

() (16)

279) o) (280)

AR A AR A

()
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AAAAAAY

(2%9)
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VAR

(205) (206)
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VAR A

(308)
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VIVVVUVV
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(310) (31) (312) @313 (314) (315)
VVVTVYVYY
(316) (317) (318) (319) (320) (321) (322)
VVVVVV
(33) (324) (35) 37) (320)
VVVVVVV
() (331) (3) (3%) (3%5)
VAR G
@) (339) () (340) (341) (34) (313
Vv v Vvvvwvw
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VAAVAVA A
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(365) (366) (367) (366) (310) @)
VA AR A A
(3m) (33) (374) (37) (316) (3m) 39)
VAAA A A A
(3m) (380) (1) (3) (383) (34) (35)

VA AR A
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AV 7
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VAAA A A
VVVVVYV
VVVYVVV
VA AT A A
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VAVAVAVATAVAY
VA A A A
VAR AV
VYVTVTY
VAAAA A
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VA AAVA AR
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VAVAA A A A
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VYVVVTV
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VVYVVT TV
VYVIVVVV
VVVTVTV
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VVVVVVV
W@%%@%%
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Indian Journal of Science and Technology | 9 -



Dynkin Diagrams and Root Systems of Indefinite Quasi-Hyperbolic Kac-Moody Algebra QHA4(2)

(793) (794
7P 7

/

)

(832)

(818) (849) (830) (851) (852)

¥=0e=p 0D 0D Qe =00

W W W

(855) (856) (857)
fo ey D Q00 Q0
VA W/

'/ \ N

3. Conclusions

In this paper, a complete classification of the Dynkin
diagrams is obtained for the particular class of indefinite
type of quasi hyperbolic Kac-Moody algebra QHA .
Further study can be carried out to understand properties
of imaginary roots and their root multiplicities of other
families.
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