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Abstract

Background/Objectives: The first order nonlinear Fuzzy Dynamic Equations (FDEs) play an important role in recent years
to model the dynamic systems with uncertainties and vagueness. The present work deals with obtaining the existence and
uniqueness criteria for nonlinear FDEs on time scales which provides a foundation for the nonlinear studies in the field
of FDEs. Methods/Statistical Analysis: In place of Banach contraction principle, contractive-like mapping principles on
partial ordered sets is used as a tool to study the FDEs on time scales under generalized delta derivative. Findings: The
nonlinear FDEs on time scales using generalized delta derivative are not studied so far. The generalized delta derivative is
based on four forms which allow us to obtain new solutions for FDEs with decreasing length of their support. Moreover,
the differentiability in third and fourth forms is linked with the concept of switching points. These results include both
continuous and discrete FDEs under one framework. Application/Improvements: These results are useful to study
qualitative and quantitative properties for nonlinear FDEs on time scales which arise in biological, economical and control

engineering problems.
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1. Introduction

Fuzzy differential equations (Fdes) are appropriate in
the modeling of many real-world phenomena. Using the
concept of H-derivative defined in!, Kaleva® developed
the theory of Fdes. For detailed study on Fdes and their
applications we refer to*!2
scales'!* is an emerging area which unifies effectively
both differential and difference equations. An example of

this type can be seen in seasonally breeding populations

. Dynamic equations on time

giving rise to new non-overlapping generations. In®,
the author introduced Ag —derivative and Ag —integral,
studied the fundamental properties of fuzzy set-valued
mappings on time scales. In'%, the author introduced
A, —derivative and studied the FDEs on time scales.
Preliminary properties and definitions related to fuzzy
set-valued mappings, fixed point theorems and calculus

* Author for correspondence

on time scale are presented in Section 2. In Section 3,
the properties of Ag—derivative are studied which are
necessary for later discussion. In Section 4, with the help
of fixed point theorems in'”'%, we establish existence and
uniqueness criteria for Apg -solution and Ay g -solution
of FDEs on time scales.

2. Preliminaries

Denote E" ={u:R" —[0, 1]}, u is fuzzy convex, upper
semi continuous, normal and support [y]° is compact.
For v,we E"

D(v:v W) = Ssup dH( V]qa[w]q)
0<qg<l >

Where dp is the metric defined in 2. For O<g<l, the
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level q— set where

[u]? ={ye R" /u(y)2q}e P (R")

P (R")is defined as in 2. For anyv,we E" and Y€ R,
v+wl? = w2 +[wl?, [yevl? = fv]?, Vqe[0,1]

The partial ordering induced by the set inclusion in

E". ie.
v<=w oM c[wl Vge[0,1] v, weE"

The converse of the partial order < is denoted by .

For any u, ve E" | 3 a we E" > u=v+w_ W js the
H-difference of u and v which is denoted by 4@V,

Definition 2.1.> A fuzzy-valued function G:T — E" is
called Hukuhara differentiable at a point 4 e7 if 3 a
G'(t))e E" 3 thelimits exist in E”

G = tim SUTROGW) | G@)OGH —k)
k—0" k k—0" k

The element G'(t,) is the Hukuhara derivative of G at
t, in the metric space (E", D).

Definition 2.2. " An altering distance function
7 [0, <) [0, <) is defined as

(i) is continuous and x(t,) = x(t,) for t, = t,

(i) x(t) =001t = 0. )

Definition 2.3." Let Y be a space with metricd and g : Y
— Y be a function. Then g, is weakly contractive if for any
altering distance functions x and ¢

x(di(g(x) gi1(x2)) < x(di(x1,x2) —@(d)(x1,%2)), ¥V x1, €Y.

Lemma 2.1. ® If Y is a partial ordered set with partial
ordering < and Y is complete metric space with metricd,.
Let g : Y — Y be a mapping, g;(x;)>g,(x)) Vi, >x
and satisfying

2 (di(g1(x) 21(x2)) < x(d(x,x0) —@(d(x,x)), for
X 2Xx). (2.1)

Suppose X satisfies either
ifanon-decreasing sequence {y,, }me A isconvergent to
yeY,then {J’m }g y, ¥ me N ,or that g is continuous.
If 3 »eY 3»<g0n),then g hasa fixed point.
if a non-increasing sequence Vm }me N is convergent
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to yeY, then y<{y, } VmeN, or that g is
continuous. If there exists y;€ Y such thaty; =g;(1),
then &1has a fixed point.

Lemma 2.2. ¥ Under the assumption of Lemma 2.1, if
every pair of elements of X has an upper bound or a lower
bound, then g; has a unique fixed point. Moreover, if x
is the fixed point of g ,then V xe X lim g “()=x.

For basic properties, fundamental results and
notations on time scale we follow'.

3. Differentiability and
integrability:

Now, we study the results on A — derivative for FSVF on
time scales which are defined in . The Ag— derivative
given in Definition 13 in * can be equivalently written as

Definition 3.1. A FSVF G:T—E" is called
A, —differentiable at #eT* if GA(4)e E" if for
0<k<d,such that

1)

J (Gt +k)O G(o(h)) = hm [ J (G(o(t) ©G(t—k)

lim ! !
k=07 k—ut) k+u)

:Gg ()
provided the H-differences
G(o(t))® G(t; — k) exists  (or)

Gt +k)©G(o(t) »

2)

] (G(o(h) O Gl +k) = hm[ ) (G4, —k) O G(a(t)

Jim [ —=1 -1
k—0" k—,ll(l k+/l(t)

= Gg (1)

provided the H-differences
G(t - k)OG(o(1)) exists (or)

G (0(1)0G(1 +k)),

3)

. 1
k‘i%{ k—ﬂ(tl)J (G(1+k) O Glo(n)) = lim (W] (G0 ~k)OG(a(h)

:Gg (1)
provided the H-differences
G(t, +k)©G(o(t)), G(t; —k) © G(o(1)))) exists (or)

1
) (G(o(h) ©G(y +k) = lim [k+,u(t)

. -1
kir%*[k—ﬂ(tl) ] (G(o() OF (4 —k)
= Gg (1),
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provided the H-differences
G(o() OG(4+k) G(o(t) ©G(y—k) exists.

The element GAg (#) is called the Ag —derivative of
GatheT k. We say that G is Ay,g —differentiable, if G is
differentiable in form (i) and A, o A, o A e differentiable
, G is differentiable in (ii),(iii),(iv) forms respectively.

Remark 3.1. If T =R, the A differentiability coincides
with the H- derivative defined in !. Moreover, the A —
differentiability coincides with the derivative defined in*.
It is more general than the differentiability introduced in
3 which coincides with (i) and (ii), but it doesn’t cover (iii)
and (iv).

Example 3.1. Let T=N5 ={n2 :ne Ny } Let
G:Nj —»E' defined by G(4)=+rjeu, ueckE'is a
trlangular fuzzy number then G is A, - differentiable at
all 1€ N .

G (6)=——9(G(o(t) ©G(1))) =

1 1 1
) W'[G(EH)ZGG(")]'“ )

[FENI
Example3.2.Let G:T — E! given by G(#) =e_,(11,0) ou,

where ye E'is a triangular fuzzy number then G is
A, o —differentiable at all ne Tk .

G i) =——ele_,(0(0) 0) @c_(51,0))ou=—p(t)e_,(a(1)) 0)ou.

1

(1)

Thus, ifGis A e differentiable or A s differentiable
at e 7% | then G is Ag dlfferentlable as in Definition
3.1. However, when G is Ag —differentiable at , ¢ 7%
as in Definition 3.1, then G may or may not be A or
A, , differentiable which can be verified from the following
example.

Example 3.3. Let G:T - E! given by G(r)=ce|t|
where ¢=(1,2,3)e Elisa triangular fuzzy number. Then
G is A —d1fferent1able for all te T*when ¢>0and
G )= c =(1,2,3) and G is A, - differentiable for all
te T* when t<0and G g(t)——c (-3,-2,-1) For t=0,
neither (i) or (ii) of Definition 3.1. holds. At =0, the
H-differences in (iii) of Definition 3.1. exists.

Let [¢,d]y denotes [c,d]NT .

Definition 3.2. Let G: [¢, d]y — E" and to € [c,d]r. The
point t is said to be a switching point for the A~
differentiable function G, if it satisfies any one of the two
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conditions below, i.e. for any neighborhood of t, 3
n<ty<tele, d]T

(D Gis A - differentiable on (¢, ]T and Gis A, o
differentiable on [0(#9) 72)7, i.e. G is non-decreasing on
(t1.t0]; and non-increasing on [0(tg) £2) 7, or

() Gis A, o differentiable on (¢, ]T and G is A, -
differentiable on [o(#y) #5)7, i.e. G is non-increasing on
(t1,20]; and non-decreasing on [0(g) £2)-

Theorem 3.1. Let G:[c, d]f > E" be a FSVF and
so€le, dlr.

(DIfS, is a switching point of type (I) A, - differentiable Of
G, then G 1$ A4 , - differentiable at S

(iD)If S, is a switching point of type (II) A, — differentiable
of G, then G is A3)g—diﬂerentiable ats,.

Proof If S is right-scattered and switching point for G
of type I, then

. 1
klgg*[ n #(SO)J- (G(a(s9) ©G(sg—h)) (3.10)

. -1
klgg{ p ﬂ(SO)}(G(G(So) ©Gs +k)). (3.11)

The limit in (3.10) exists if G is A e differentiable or

— differentiable and the limit in (3 11) exists if G is A,
- or A, - differentiable. Hence G is A b dlfferentlable
In a 51m11ar way, we can prove (ii).

Definition 3.3. ©* The A -
J c T, defined level wise by

o]

J

integral of G:T — E" on

=[G (s)As = { [2()as:ge S (J)},

J J

where S F (J) the set of all Ag—
qun J.
For properties on A —

integrable sectors of

integral, we refer to '°.

4. FDEs on time scales

Now, we focus our attention on the following nonlinear
FDE on time scale
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A0 =Gt,2(0), 2tg) =29, tele, dir, @.1)
A denotes the A - derivative. Throughout

G:[c,d]p xE" — E" is a nonlinear function which is rd-
continuous and tg € [c, d]r, upe E". Eq. (4.1) is called
FIVP on time scales.

Definition4.1. Let C , ([c,0(d))] , E"be the rd-continuous
fuzzy functions.
(i)A solution z(t) [ C, ([c, 0(d))], E") is called a Ag—
differentiable solution for (4.1) if z(t) is an anti-derivative
of G(t,z(¢t) satisfying (4.1) .

A solution for (4.1) is called
(ii) (1)-solution if it is A e differentiable.
(iii) (2)-solution if it is A g—dlfferentlable
Consider the partial order on C=C_ ([c, o(d))], E") as

g1 <& © gi(t) <e () g.geCandV fele, dly.
Clearly, C , ([c, o(d))], E*) = is partial ordered set.

Lemma 4.1. '* The following results hold on C, ([c,
o(d)],, E:

(If {f,,}, y = C is nondecreasing, with partial ordering
< such that f,, = finC, then f, <f ¥V me N .

(i)If {f;, }me n € C isnonincreasing, with partial ordering
< such that fm— finGC, then V me N .

Lemma 4.2. Let G be rd-continuous.
()A fuzzy function ze ¢ iscalleda A o differentiable
solution to (4.1) iff it satisfies the 1ntegral equation

z(t)) =z + JG(s,z(s) As, telc, o(d)]r. (4.2)
t

0

(i)A fuzzy function ze C is called a A, - differentiable
solution to (4. 1) iff it satisfies the 1ntegral equation

20=2(1)+ (=) j G(s,2(s) As, v ti€le. o)
12

(4.3)

0

or

g (4.4)
() =20 O (-1) [ G(s.z(s) As | V1€ [e,o(d))]r,
t

Definition 4.2. A solution for (4.1) is said to be a lower
solution if the fuzzy function e C satisfies
7 (1) < G, 1), tele, oy, 7(0)<z.

Ifn is A, - differentiable, then n is said to be a lower
A, -~ differentiable and ifn is A, -differentiable, then it
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is lower A, - differentiable.
A solutlon for (4.1) is said to be a upper solution if the
fuzzy function pe C satisfies

n®(4) = F(e, (), ti € [, ]p, 7(0)> 7.

If n is A - differentiable (respectively A, -
differentiable), then n is said to be a upper A -
differentiable solution (respectively, a upper A, -
differentiable solution).

Theorem 4.1. (Local Existence and Uniqueness theorem)
Let G:[c, dlyxE" — E" be rd- continuous. If there
exists a lower A, - differentiable solution n (1 C ([c,
o(d))], E*) for (4 1) and

(i)G is non-decreasing w.r.to second variable, i.e. for
v =w then G(#,v) > G(t;, wy)

(ii)For comparable elements G is weakly contractive,
i.e. for altering distance functions ¥ and ¢,
X(D(G(n.v) G(n,w)) < 2(D(v,wy) = @Dy, ), T vy > wy. (4.5)

Then aunique A, - differentiable solution z exists for
(4.1) on [c, o(d)]r -

Proof Define the operator 4;:C — C by

[421 1) =20+ [G(s,2(5) As,  t€ [e,0(d))]y-
0

From Lemma 4.1 (i), z € C is the solution of (4.1), if
ze C is the fixed point of A .

Define D,, a metric on C by

DO (s) wi(s) e_g(s,0) v, weC,

Dg(v, m)= sup

sele,o(d) 7

1- T,0
Where €>0 large enough such that 17e. .0,
£

This metric is equivalent to metric D, because
De(v, W) <D, w)<e (T, 0)D(vi,w) > ¥V v,meC
However, C, ([c, o(d))], E"), D, is a complete metric
space.

From assumption (i) and from Lemma 2.1 we have

[

t\
[Avi ) =29+ IG(S,VI(S) As =z +J.G(s, w(s) As=[Awml 1)
0 0

whenever v, ~wand fe[c,0(d))]y- Hence the
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operator A is non-decreasing. Now from (ii),
X(D(G(n, v) G, w)) < 1 (D(vy, wp)), ¥ vy = w. (4.6)

In a contrary, Assume that
D(vi, wmp) <D(G(1,v) Gt ), Vv = wy.

Since ¥ is non-decreasing we  have
Z(D,w) < (DG, u) G, W)

From (4.6), y(D(vi,w) = x(D(G(t,v) G(t;,w))),
VVI - wy.

From (ii), @(D(v,w) =0 which implies D(v;,w)=0
and hence y(D(G(t;,v) G(t;,w)))=0. From Definition
22, we get D(G(t,v) G(f,w) =0 which is a
contradiction. For V| = Wp» consider
De(Apy, Awii )= sup  { DL AT 1) [4mi ) e_p(4,0) }
tele. o(dl

1 1
{D[ |G wi(s) s, [Gls,m(s) ASJ e_g(t],())}

= sup

tele.oWly 0 0

L
< sup {ID(G(SM(S)), G(s,M(S))Aseg(tl,O)}
tele.odl g 0

4
< swp {ng,wjeg(s,mmgm,m}

f€le oy 0
<Dg(v,w)  sup {(%J e—s(tlvo)}
feleoly
D) sup {[1_e,2(n,0) ]}=(1—e,2(T1,0)) Do)
1 gle o]y

Therefore
1-e_.(11,0
Do (A, Apwy) s(%] Do) ¥, we Cy (e 0(d)]y

Hence for altering distance function f3,
B(De (4w, 4wy )< ﬁ((M) Dg(Vl’WI)J

£

=ﬁ(Dg(n,wl)—[ﬂ(Dg<vl, wl)—ﬂ[(l’%(m) ng,wl)ﬂ,

holds. Then if
o) = Bt) - ﬂ((l_e—e?g(Tl’o)} 1) for v, »w, it follows

that,
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ﬂ(Dg(AlVl, A]W]))S ,B(De("la W]))_¢(D£(V1a Wl))
By the existence of lower A, - differentiable solution and
Lemma 4.2 (i),

t t
1) =1(0)+ [ (5)As < 29+ [ Gls,7(s) As=[477)11) 1€ [c,0(d)]y-
0 0

Thus 7 < 4. Hence A, satisfies all hypotheses of
Lemma 2.1 and Lemma 2.2, and therefore A, has the
unique fixed point which itself is the unique A, —solution
for (4.1).

Ay —
Example 4.1. Consider the FIVP * (6)=G(t,2()),
where

>

-1
Gty 2(ty) =[tanu ((’;15’1) } , 110,517, z(O):[Z; (((())))}e o
2\

We claim this FIVP has unique solution for T = R
Clearly

D(G(¢,v) G(t,w) <sup
reR 1+r1

5 Dvi, )

Consider the altering distance function 4 (1) =1 and

72, for some 7€ R Then all the assumptions
¢(t1) = 1 2 h

+r

in Theorem 4.1 are fulfilled and therefore the FIVP has
unique solution.

Theorem4.2.Let G :[c, d]y x E" — E" berd- continuous.

If there exists a lower A, - differentiable solution n 1 C,
([c, o(d))],, E*), for (4.1). Let G be such that:
(i)

t

q
diam([uo]q)z diam [ [G(s,2(9) As] Vgel0,1]
0

(ii) G is non-decreasing in the second variable, i.e. if
Vi =W then G(#,v)) > G(#, W)

(iii)For comparable elements, G is weakly contractive i.e.
for altering distance functions X and ¢, satistying (4.5).

Then a unique A, - differentiable solution z exists for
(4.1) on [c,0(d)]r.
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Proof Define the operator 4, : C — C by

tl
[421 1) = 28| (-1 [ G(s,2(5) As | € [e,0(d)]r.
tU
From Lemma 4.2 (ii), z is a solution of (4.1). Also,

the operator A, is non-decreasing for #>v. In a similar
way to Theorem 4.1., A, fulfills all assumptions of Lemma
2.1. and hence from Lemma 2.2. A, has the unique A, -
solution for (4.1).

Theorem 4.3. Theorems 4.1, 4.2 are also valid if we replace
the existence of lower A - differentiable solution (Az, o~
differentiable solution) to (4.1) by an upper

A g—solution (4, o solution).
Proof If n is an upper A, o differentiable solution for
(4.1), then

t, t,
1) =1(0)+ [ ()As = 20 + [ Gls.71(5) As =[7)er) 1€ [e,a(d)]y.
0 0

Similarly, If n is an upper A, - differentiable solution
for (4.1), we have

£, 1,
n()=0) © {(l)fﬂA(s)As] L) [(1) [ F(s.n(s) As J— L)), e leo@)ly.
0 0

Thus 7> 4n and 7>~ 4n. Hence A and A, satisfies
all hypotheses of Lemma 2.1 and Lemma 2.2 and therefore
A}, A, has a unique solution in C.
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